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ABSTRACT 

This is the unclassified section (Vol. l) of the Final Report under 

Contract Nonr-3109(00), Office of Naval Research, dealing with fission- 

fragment-generated plasmas for thermionic energy conversion. Results of 

the past year's work are presented under three mat1or headings, viz., 

"(A) - Reaction Kinetic Studies of Ar-Cs Plasmas", where the possible 

influence of a heteronuclear ArCs ion is considered and rejected; 

"(B) - Calculation of Electron Temperatures in Plasmas Produced by Fis¬ 

sion Fragments", where we discover that a non-equilibrium electron tempera¬ 

ture exists at the higher values of neutron flux; and "(c) - Electron Den¬ 

sities in Fission-Fragment-Induced Plasmas in I’icrowave Cavities", where 

much of our previous theories are collected, enlarged and incorporated 

into a comprehensive set of computer codes which predict accurately elec¬ 

tron densities in the Ne-Ar system. Preceding the detailed discussion of 

these 3 topics is a summary (in Section l) of the main results of studies 

(A), (B), and (c). Also in Section I we survey our past work and offer 

some general comments and conclusions on the present status and utility 

of the fission-fragment ionization scheme for use in thermionic diodes. 
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SECTION I 

INTRODUCTION, SUMMARIES AND CONCLUSIONS 

1. INTRODUCTION AND PREVIOUS WORK 

From early in our program, our research work on inpile thermionic energy 

conversion has been directed toward answering the question of whether a rela¬ 

tively low-temperature thermionic emitter coupled to a fission-fragment¬ 

generated plasma can lead to a useful energy conversion scheme . Because of 

the novelty of this approach, most of our work has been of a basic rather 

than device-oriented nature, and has progressed along the following lines. 

The development program, for an unclad nuclear-heated emitter material 

that could be operated over a temperature range of 1100-1300°C with a current 
-2 

density capability of about 10 A cm was successfully completed in 196k. 

This work is fully described in Part I (unclassified) and Part II (classified) 

of the Final Report, Contract Nonr-3870(00), Office of Naval Research,'July 1, 

1964. The thermionic-electron and fission-fragment emitter that was developed 

is an unclad BaO-UOg-W cermet in which the UOg acts as the source of heat, and 

the BaO as the source of barium which subsequently diffuses to the surface of 

the emitter. A coating of barium is thus formed on the tungsten phase of the 

emitter and this provides a relatively low work function for thermionic elec¬ 

tron emission. In addition, the uranium residing on the surface of the emitter 

serves as the source of fission fragments which penetrate the gas generating 

a plasma. Although we have encountered many difficulties of technique in 

going from the successful small (0.3 cm diam) emitters of 1964 to the larger 

(1.9 cm diam) emitters of our recent electron transport tubes (discussed In 

the classified Volume II of the present Final Report), we have persisted to 

regard the emitter concept and structure as satisfactory particularly from an 

electron emission standpoint. As a result, In the past few years we have con¬ 

centrated our efforts on trying to understand more fully the nature of plasmas 

induced by fission-fragment excitation and Ionization of a noble gas . 

Our reasons for using noble gases for the plasma medium have been, firstly, 

that they are chemically inert, and secondly, that their electron-neutral atom 

scattering cross section is 100 to 1,000 times smaller than the comparable 
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cross section for cesium. This smeller noble gas cross section could well lead to 

smaller internal power losses in a converter, or permit greater electrode spec, 

ings than present-day cesium devices. The prospect of a thermionic converter 

with a low temperature emitter, chemically-inert filling, and relatively wide 

electrode spacing is extremely attractive from a fabrication standpoint and 

potential for long-lived operation. 

the first basic inplle study of the plasma was the ion generation rate 

study. A series of experiments were conducted on the plasma alone using 

small ceramic-metal diodes containing a thin uranium-235 foil and filled with 

noble gases at a variety of pressures between 30 and too torr. The uranium 

foil provided a copious flux of fission fragments but remained cool with con¬ 

sequently no thermionic emission. The value of the ion generation rate due 

to fission fragments could be obtained directly from the current-voltage 

(X-V) data of these diodes. Our final procedure2’3 was to compute the ion 

generation rate and the corresponding I-V relationship from first principles 

for the gases studied, viz., Ne, Ar, Xe, and Ne-Ar with fArl/f 1=10-3 and 

these computed characteristics all agreed with the experimentifLa within 

¿10%. We thus confirmed that we knew well the primary rate of ion produc- 

tion in such plasmas . 

With this knowledge of ion generation rate, Ve were able to calculate the 

electron density in all the single gaseS3 where the predominant charge loss 

process was dissociative recombination. We concluded that the electron den¬ 

sity ne in the single noble gases, extrapolated to a power reactor, were too 

low (ne* 10 cm ) by factors of between 10 to 100 to be of interest for therm¬ 

ionic energy conversion. The situation, however, was not as simple for neon 

mixed with traces of argon. It was clear from both experiment and computa¬ 

tion that the ion generation rate for Ne-Ar at pressures ~ 100 torr was about 

50 A higher than that for pure neon. This was due to the Penning Effect, i .e . 

the ionization of argon in collisions of the second kind with neon metastable 

states generated by fission fragments . However, the value of the electron 

density in Ne-Ar was much less clear since the total volume charge loss in this 

mixed system could not be represented by a single volume loss coefficient as in 

the single gases. Importantly, there arose the possibility of making the life¬ 

time of the Ar ion much longer than the lifetime of Ne+ and Ne+ ions, thus 
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greatly enhancing the electron density and conductivity of the plasma. This 

led to the next phase of the plasma program, viz., experimental and theoretical 

studies of electron density in binary Penning-type gas mixtures ionized by 

fission fragments . 

In the theoretical studies of the Penning-type gas mixture,^ in the first 

instance Ne-Ar, we proceeded to write down five simultaneous equations describ¬ 

ing what we judged to be the important production and loss processes for Ne+. 
+ m. + + ' 

Ne2, Ne , Ar and Ar^. The electron density was the sum of the density of the 

four ion species each of which was determined by solving this set of simul¬ 

taneous equations with a digital computer . About 30 reaction rates needed to 

be known representing processes such as diffusion, recombination, molecular- 

ion fomation, and volume destruction of metastable states, in addition to 

accurate values of the generation rate of ions and metastable states obtained 

from our earlier studies. These reaction rates for Ne-Ar were mostly known, 

or could be readily extracted from the literature or were estimated with suf¬ 

ficient accuracy. Thus we obtained computed contour maps of electron den¬ 

sity as a function of total gas pressure p and ^Arj /LJ seeding . The impor¬ 

tant result was that for the temperatures expected in a thermionic converter, 

there existed a maximum in the value of ne and p^lOO torr. 

This maximum value of ne arose from a maximum in the lifetime of the dominant 

Ar ion under these conditions . Also the predicted value of n of greater 

than 10 cm-3 in an experimental reactor indicated a significant electron- 

density gain of about a factor of 10 over the single gas . 

We then used the above reaction kinetics equations to study the electron 

density in argon seeded with cesium.4'5 This is, we think, the most promising 

mixture for the fission-fragment plasma scheme. The presence of a trace of 

cesium does not, however, mean a plasma behavior akin to the conventional ces¬ 

ium converter. The cesium is present in such minor concentration (S 10"2 torr) 

that the undesirable elastic scattering from, electron-neutral cesium impacts 

is still negligibly small. The advantages of this mixture are that argon has 

a higher stopping power than neon for fission fragments, argon has an exceed¬ 

ingly low Ramsauer minimum (i.e. low resistance to electron flow) at the right 

energy point (-0O.2 eV) for a converter, argon metastables have a very large 

cross section ^10- cm ) for ionizing neutral cesium, and a cesium covering 

can be used on the collector to yield a low work function surface . The 
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results of our computations of electron density In Ar-Cs ’ indicated a 

behavior rather similar to that in Ne-Ar, viz., that a single maximum value of 

ng existed and occurred around JcsJ/^j* ICf1* and pSilOO torr. Hie value of 

ng in Ar-Cs however, was twice as high as in Ne-Ar, although greater uncer¬ 

tainty existed in several of the reaction rate coefficients for Ar-Cs . 

The predictions of the reaction kinetics theory for Ne-Ar and Ar-Cs were 

checked as follows . We measured the inpile electron density in each plasma 

using small metal microwave cavities at the end of a long evacuated K-band 
4 

waveguide. Each cavity was a right-circular cylinder, containing again a 

thin uranium-235 foil, and the average electron density of the plasma was 

determined from the change in resonant frequency of the cavity due to the 

presence of the electrons . Considerable care was necessary in the experimen¬ 

tal setup to ensure a good reflected signal from the distant inpile cavity. 

Electron density measurements from the neon-argon cavities with 

and p=90 torr yielded values of n as a function of neutron flux 0 
H/u 
0 which 

:10” 

agreed quite well with the predicted values of n . © 
5/6 

elO _k 

With the 90 torr argon- 

cesium cavity we were also able to vary the cesium pressure by varying the 

temperature of the cesium reservoir and so obtain values of ng as a function 

of [Cs]/^J this case the reaction kinetics theory predicted well 

the general magnitude and trend of the electron density but the experimental 

values of ng were higher than expected particularly for values of ^Cs 4[ax] 

Very importantly, the experimental values of n showed k dependence on 
^ 6 

ambient temperature which could not be accounted for by theory. The fission¬ 

ing of the uranium foil heated the microwave cavities slightly and by means 

of a cooling jet of nitrogen gas we were able to vary the average cavity tem¬ 

perature in the range 300-600°K. We found that for Ar-Cs, an increase of 

ambient temperature of 100°K in this range increased the value of n by a 

factor of about 3. In sharp contrast the effect of temperature on ng in Ne-Ar 

was smaller than expected at that time. Hien in the reaction kinetics theory, 

we assumed that the electron temperature Te was at the ion/gas temperature T. a. 

The most temperature-sensitive reaction rate in the theory was collisional- 

radiative recombination of the trace gas atomic ion (a T if We assume this 

important loss process to be completely dominant, then S=aÆ n_ so that 
S l/"^ 5/^ 0 e e ^ 

ne=^ /°o) /JTe ’ Í0T the temPera’tur'’' range 500-600¾ we then obtain a varia¬ 

tion of ne of 1.3 which is much smaller than the factor of 3 increase in the experi¬ 

mental value of ne in Ar-Cs. Also because of the nature of the high vacuum ceramic- 
metal seal of 
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the cavity window for admitting microwaves, we could not independently heat 

the microwave cavity up to temperatures of 1300°K or so of interest for a 

converter . 

Thus the position was that we could not predict the electron density in 

Ne-Ar or particularly Ar-Cs at 1300°K because of an observed temperature 

behavior over 300-600¾ that was not in accord with the temperature predic¬ 

tions of our reaction kinetics theory. That is, extrapolation of our micro- 

wave cavity results to the all-important conditions of a converter in a power 

reactor necessitated a much better understanding of the dependence of ng 

upon T. . This aspect of the plasma has motivated much of our recent inves- 
i j 8. 

tigations . Several possible temperature-sensitive surface and volume reac¬ 

tions in Ar-Cs were considered in last year's report^ but none appeared 

capable of yielding the observed behavior. This brings our basic plasma 

studies up to their position at the beginning of the current reporting period . 

The other parallel investigations that we have conducted over the past 

three years have been on inpile thermionic electron transport. This has 

involved experimental and theoretical studies on the current-carrying capabil¬ 

ity of the Ar-Cs plasma when coupled to the Ba0-U02-W emitter . The inpile 

experimental results.from several thermionic diodes, each with important modi¬ 

fications, are classified and reported in Volume II of this present Final 

Report. The theoretical studies have been concerned with incorporating the 

physics of the reaction kinetics theory in a thermionic electron transport 

theory for predicting current-voltage characteristics . Note that it is here 

we need the reaction kinetics theory extrapolated to elevated temperature. 

Up to the present reporting period a full transport theory including impor¬ 

tant non-linear volume effects from the reaction kinetics theory has not been 

completed . Rather, a restricted transport model for thermionic electrons 

through a fission fragment plasma has been developed for the case when the 

electron density was controlled by ambipolar diffusion loss of the long-lived 

atomic ions of the trace species.In Volume II we discuss the comparison 

between the predictions of this diffusion-type theory and the experimental 

transport data, and also their implications for a practical device. 
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2. OBJECTIVES FOR CURRENT REPORTING PERIOD 

As may be discerned from the preceding summary of our past work, the 

two main objectives for the current reporting period were: 

1) To study, from a basic kinetics standpoint, the nature of the observed 

critical dependence of electron density upon ambient gas and wall tem¬ 

peratures In mixed gas plasmas generated by fission fragments, particu¬ 

larly in argon seeded with cesium, so that the electron density of such 

a plasma in a thermionic electron transport tube could be much better 

predicted . 

2) To operate several inpile thermionic electron transport diodes with 

appropriate Ar-Cs fillings, and extend the theoretical transport studies 

to Include reaction kinetic results, with the purpose of understanding 

electron transport sufficiently well to enable us to extrapolate the 

results to a power reactor and thus assess the utility of the fission- 

fragment scheme . 

The manner in which we have attacked the first objective and our conclu¬ 

sions are contained in the present report (Vol.l) and summarized below. Inves¬ 

tigations pertinent to the second objective are to be found In Volume II (clas¬ 

sified). Suffice it to say here regarding Volume II that experiment and theo¬ 

retical limits are not in accord, yet the differences are, In many ways, unex¬ 

pectedly encouraging . Nevertheless the differences prohibit extrapolation 

of our results to a power reactor . 

3 . SUMMARY AND CONCLUSIONS OF THE THREE DETAILED SECTIONS OF THIS VOLUME 

Section A. Reaction Kinetic Studies of Argon-Cesium Plasmas. An attempt 

was made in argon-cesium to account for the sensitive dependence of electron 

density n upon the ion/atom or gas temperature T by, first, postulating the 

significant production, at pressures of 100 torr, of the heteronuclear ArCs+ 

ion both from metastable argon-cesium collisions and associative reactions 

Involving the Cs ion; and secondly, by postulating a highly temperature- 

dependent dissociative reaction, viz., ArCs+ + Ar —»Cs+ + 2Ar. By Incor¬ 

porating this additional reaction scheme into the existing reaction kinetics 
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model, it was found possible to fit well the theory (essentially a 3-parameter 

fit) to the experimental values of electron density over the entire range of 

gas temperature, Cs/Ar rauio and neutron flux. However to obtain this agree¬ 

ment, a physically unrealistic dissociative rate was persistently required• 

As a result we concluded that the marked dependence of n upon T was not 
+ ^ i,a 

attributable to the ArCs ion. 

During the course of this study, we observed that to bring theory into 

agreement with experiment at low values of Cs/it was necessary to reduce 

the collisional-radiative recombination rate of Cs+ ions by a factor of 

about 10. This implied an electron temperature in the plasma notably higher 

than the gas temperature, and we pursued this further as outlined in the 

next section. 

Section B. Calculation of Electron Temperatures in Plasmas Produced by 

Fission Fragments. We had previously considered the electrons to be at or very 

close to thermal equilibrium with the ambient ions and atoms, i .e . 

Such a notion arose principally from our estimates that the high-energy elec¬ 

trons produced by the fission fragments were rapidly thermalized to ambient 

temperatures. However, in this section of the report, ve present a more care¬ 

ful energy-balance analysis of the energy-relaxation of the fast electrons 

where we found that T »T generally by an important amount. 

Knowledge of the production rate, initial energy and energy-degradation 

rate of the fast electrons created directly by the fragments was used to 

determine the energy input rate by electron-electron collisions to the Maxwel¬ 

lian electron swarm which, in turn, lost energy via elastic collisions to the 

ambient ions and atoms . For the Penning-type gas mixture, the additional 

source of electron energy from the metastable-ionization process was also 

taken into account. Results of the calculation for Ne-Ar at Ç0 torr with 

M/ÍNej^10”1* showed that at low values of neutron flux (-> 101°cm"2sec"1) 

and electron densities (—'lO^cm ^), the electron temperature was at or near 

the gas temperature, but at high neutron flux 10l3cm'2sec-1) and electron 

densities (-^10 cm ), the electron temperature was higher than the gas tem¬ 

perature by a significant amount (^ 500°K). For Ar-Cs, the calculation is 

less complete because we have not yet included the electron energy lost to 

excited cesium states. However, when this loss was neglected (approximately 
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justified for low [csJ/Lj concentrations) we found that T was w 2000°K for 

T d-o500°K. L J e 
JL yBk 

These findi rigs made it expedient to modify our reaction kinetics analysis 

to include the marked effect of the non-equilibrium electron temperature on 

various of the reaction rates; this is discussed in the next section. 

Section C . Electron Densities in Fisslon-Fragment-Indnced 
Plasmas in 

Mj_croreve Cavities. Me have brought together here all the theories which we 

consider necessary for predicting from first principles the electron density 

i" our resonant "'id™«'« cavities . Also the many digital computer codes 

embodying the theories, and the methods for executing these codes, are 

described in considerable detail. 

The ion generation rate in the plasma from fission fragments was com¬ 

puted from known constants of the fission fragments and gases. The reaction 

kinetics theory for a binary Penning-type gas plasma, and the non-equilibrium 

electron temperature theory, were incorporated together into a digital com¬ 

puter scheme which, with the aid of the ion generation rate code, computed a 

self-consistent electron temperature-electron density (n ,T ) pair for a 

point in the plasma. Since the ion generation rate varied radially across 

the cavity, several (n^Tj pairs were next computed for selected radii until 

the radial dependence of ne was clearly established . Finally, with this 

radial dependence of ne, and the known radial dependence of the microwave 

electric field probing the cavity, an integrating computer code was used to 

obtain a value of electron density averaged over the square of the electric 

field <ne>av for direct comparison with the inpile measured values from the 

Ne-Ar and Ar-Cs microwave cavities. 

Our values of for the Ne-Ar cavity ([atJ/L] =10^), computed with 

no adjustable parameters, were in excellent agreement (within + 20%) with the 

inpile microwave measurements over the complete range of neutron flux 

(10 50^,10 cm sec"1). This strongly substantiates the many ideas, assump¬ 

tions and methoas of computation used to arrive at predicted values of <n v . 

We confirmed that the electron swarm temperature was as much as a factor of^two 

higher than the gas temperature at high values of neutron flux, and furthermore, 

this non-equilibrium condition accounted in large part for the small observed 

variation of n with T 
e i,a Note also that the computation yielded values for 
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the density of neon metastables and of the atomic and molecular ions of the 

major and minor gas; therefrom we also knew, of course, the total rates at 

which these species interacted in the plasma . 

As indicated earlier, the proper calculation of <^^>av Ar-Cs, which 

should include the influence on electron temperature of inelastic losses to 

cesium, was not completed in tine for this report. Nevertheless, we applied 

the existing computational scheme to Ar-Cs for a value of [Cs]where 

errors due to the neglect of inelastic cross sections are likely to be small. 

Interestingly, the computed value of /n S agreed very well with the inplle 
[1 -6 ^av 
CsJ/^Ar]=10 where computed values of Tg were-- 2000°K. 

The necessary modifications to the code to take into account the quenching 

effect on Te of inelastic cesium cross sections (with possible significant pro¬ 

duction of Cs+) are outlined. 

U . CONCLUDING REMARKS 

Our theoretical work and unclassified experimental inpile studies have 

thus brought us to the following general position in this field of fission- 

fragment-generated plasmas for thermionic energy conversion. 

(i) . A physical model has been developed to predict the electrical 

behavior of experimental non-themionic devices filled with either 

a single noble gas or a Penning type binary-gas mixture and ionized 

by fission fragments . The model includes detailed computations of 

(a) the direct ionization source by fission fragments, (b) the 

interaction of the ion species and metastable states among them¬ 

selves, with neutral atoms and with electrons, (c) the equilibrium 

electron temperature in such systems, and (d) the enhancement of 

ion density that can accrue through suitable manipulation of major 

and minor gas species densities . 

(ii) . The theory has been used to compute electron densities for a gas 

mixture consisting of neon with a small admixture of argon. This 

required detailed knowledge of about 3° atomic cross sections or 

reaction rate coefficients and no adjustable parameters were allowed . 

Experimental measurement by microwave techniques of the electron den¬ 

sity in tubes specially prepared for the purpose and filled with 
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neon-argon gave results In excellent agreement (+20%) with theory 

over the full range of 3 orders cf magnitude In neutron flux. Thus 

the general principles of oui- theory appear valid . 

(ill). Similar experimental and theoretical calculations for tubes contain¬ 

ing argon with a trace of cesium (in which the predominant ions are 

Cs+) gave less satisfactory agreement. This circumstance is cer¬ 

tainly attributable in part to our less exact knowledge of all the 

applicable basic cross sections and to the fact that the computation 

of electron temperature, which is dependent on inelastic cesium cross 

sections, is presently incomplete. Nevertheless, with argon-cesium 

there remains this important observation: the measured electron 

density is a very strong and increasing function of gas temperature 

in the microwave tubes . As yet we find no good theoretical basis 

for such a strong dependence and we snail be surprised if our more 

complete electron temperature computations, presently under way, 

offer a full explanation. We also note here that in an argon-cesium 

electron-transport device at high temperature, theory and experiment 

did not agree either . 

(iv). A better understanding of the behavior of the argon-cesium plasma 

requires research work in the following areas of greatest uncertainty 

to determine: (a) the cross section for the ionization of cesium atoms 

by argon metastable states; (b) the production rate of argon metastable 

states from dissociative recombination of molecular argon ions with 

electrons; (c) the ion species present in argon-cesium at pressures of 

around 100 torr; and (d) the interaction of argon ions, metastable 

states and photons with cesium atoms residing on moderately hot sur¬ 

faces . There is a need to know the rates of these interactions as 

functions of electron and neutral gas temperatures to assist in deter¬ 

mining the origin of the strong dependence of electron density upon 

ambient temperatures. 

(v). We emphasize that the fission-fragment flux (and hence gas ionization 

rate) from the Ba0-U02-W thermionic emitter is appreciably lower 

(e.g., by factors of b to 8) than that fron the uranium-235 foils used 

in the above plasma studies . This arises not only from the presence 

in the thermionic emitter of non-fissionable materials necessary for 

10 



good thermionic-electron emission; equally as important is the fact 

that the Ba0-U02-W emitter has to be relatively thick to yield the 

high temperature for thermionic emission, and this very thickness 

leads to significant neutron attenuation which depresses the neutron 

flux at the emitter surface and thus reduces the fission-fragment 

flow from the emitter into the gas. In contrast the cool thin uranium- 

235 foils in our ion tubes and microwave cavities were largely opaque 

to neutrons and so did not significantly depress the neutron flux at 

the fission-fragment-emitting surface. This reduction of fission 

fragments for a converter could be largely overcome by placing thin 

uranium-235 foil on the collector; additionally, this leads - j the 

possibility of operating a pure thermionic-electron emitter which need 

not necessarily supply any fission fragments. In fact, our final elec¬ 

tron transport tube (ETT-5) was such a device and its design and con¬ 

struction is described in the accompanying Vol. II (classified). How¬ 

ever, we do not know whether a layer of cesium (from the argon-cesium 

gas mixture) on a fissioning uranium-235 surface at the expected col¬ 

lector temperatures of about 900°K would yield a collector work func¬ 

tion sufficiently low to make such a scheme plausible . 

vi . We conclude that the utility of fission-fragment generated plasmas for 

thermionic energy conversion is difficult to assess completely in this 

report independent of the classified inpile data. Conclusions can 

only be based here on our electron density studies, and our electron 

transport theory which shows the electron density distribution 

expected in a thermionic diode operating in a diffusion-controlled 

mode. This transport theory points to the need of high (.5 lO^cm“ ^) 

electron densities at the collector sheath-plasma boundary in order 

to obtain output current densities (,57-5 A cm" ) of practical interest. 

We conclude, on the above basis, that a single noble gas and the binary 

mixture neon-argon are not promising for thermionic conversion for the follow¬ 

ing reasons: 

Single noble gas: maximum electron density in a power reactor 

lO^^cm"^; density at sheath lO^^cm" 1. 

Neon-argon: maximum electron density in a power reactor 

~ 10^cm"3; density at sheath clO^'cn" ’’. 
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For argon-cesium tubes, the prediction is more ambiguous. Our theories imply 

that argon-cesium would yield électron densities and transport currents only 

about twice as high as those in neon-argon. However, we find that our theo¬ 

retical predictions are often much lower than the experimental results, and 

because we do not understand the marked increase of electron density with 

gas temperature observed in our argon-cesium devices we do not know how to 

extrapolate our experimental argon-cesium data to a practical device in a 

power reactor , Thus we can offer no real recommendation of the utility of 

the argon-cesium plasma without further basic work . 

Finally we suggest that the generation by fission fragments of uniform, 

quiescent, well-behaved inpile plasmas of electron densities -^lO^cm"^ in 

a power reactor may find several practical applications. For example, the 

electron densities and temperatures in argon-cesium may prove useful for 

inpile magnetohydrodynamic schemes. Also it is conceivable that fission 

fragments may be used to generate inpile chemical plasmas for the catalytic 

rearrangement of radicals and hence production of chemical compounds . 
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SECTION A 

REACTION KINETICS STUDIES OF ARGON-CESIUM PLASMAS 

ABSTRACT 

A reaction kinetics model of argon-cesium pTismo. post Htes a hetero- 

nuclear ion, ArCs , v/hi -h participates in a highly temperature-dependent 

reaction (ArCs + Ar -» Cc + 2Ar ) • This model giver a groom nt with 

experimental measurements' of electron den city only if (a) unrealistically 
+ 

large reaction cross sections are assumed for the iieteronu •] ar ion, ArCr 

and (b) greatly reduced collisional radiative recombination rater (about 

one-tenth the values reported for the gas temperature) are acrmicd for the 

atomic ion Cs+. Therefore it is concluded that (a) the large experimentally 

observed temperature dependence of the electron density in the argon-cesium 

system cannot be attributed to the heteronucloar ion ArCs and (b) the elec¬ 

tron swarm temperature is appreciably higher than the ga. temperature to 

account for the reduced collisional radiative recombination raten . 
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OBJECT 

The objective of these studies was to fit the inpile microwave measure¬ 

ments of the electron density in argon-cesium plasmas with our reaction kine¬ 

tics theory modified to include the heteronuclear ion ArCs . 

CONCLUSIONS 

1. F^rom parametric computer studies on the argon-cesium system with the older reac¬ 

tion kinetics model, it was concluded that no reasonable adjustment of any com¬ 

bination of the 22 reaction rate coefficients could bring about a theoretical 

fit to the experimental microwave result. Only by inJroducing to the model addi¬ 

tional volume or surface reactions with very large thermal activation energies 

could a fit be possible. A likely candidate appeared to be an association-disso- 
4* 

ciation volume reaction involving a postulated heteronuclear ion,ArCs ,which par¬ 

ticipates in a highly temperature dependent dissociation reaction(ArCs++Ar-*Cs++2Ar ) . 

2. By assuming a temperature dependence for the dissociation reaction of the form 

C0 exp-^/í-^/e) and by adjustment of two other reaction rates it was possible to 

obtain a fit of the computed and experimental values for the electron density 

over the entire range investigated of the three independent variables of gas 

temperature (<T^ag>av),cesium to argon ratio(Cs/Ar) and neutron flux(0). 

3. The fit was obtained with a reasonable activation energy of £=0.74 volts but 

the magnitude of the coefficient (Co=2.4xl0“-;cm3sec' ) was many orders of magni¬ 

tude higher than could be expected on physical grounds and we cannot, therefore, 

attribute the extreme temperature dependence of the electron density in our 

argon-cesium plasmas to the presence of ArCs+ alone . 

4. In order to fit the experimental data, particularly for low Cs/Ar, it was 

necessary to reduce the collisional radiative recombination rate by a factor of 

10. This implies an electron temperature in the plasma appreciably higher than 

the gas temperature (Tp 1.5 <^gas>ay) • 

INTROfUCTION 

Inpile microwave measurements of the electron density in mixed gas plasmas 

have, been reported previouslyThe measured electron densities in the neon-argon 

plasma agreed fairly well with predicted values from our reaction kinetics theory 

(l). The measured electron densities in various argon-cesium plasmas also agreed 

fairly well in magnitude and gross trends with this theory but showed appreciable 

differences in the fine structure of the data.1 As the cesium concentration in the 

argon was varied by changing the cesium bath temperature (at constant neutron flux) 

the electron density passed through a maximum value as expected but at a cesium con- 
•3 

centration much lower than that predicted . Also an unexpected phenomenon was 
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that the electron density was very sensitive to the temperature of the cavity 

walls. Several processes, additional to those included in the reaction kine¬ 

tics equations, were considered in an attempt to explain this anomalous tem¬ 

perature variation of the electron density but no convincing explanation was 

found . One of the processes that had not been included in the original 

reaction kinetics equations but which we thought might explain some of the 

anomalous behavior was the process involving the production and destruction 

of the heteronuclear ion, ArCs . It had been concluded, however, that the 

neglect of this particular ion would not in itself account for all of the 

differences between theory and experiment. 

This ion (ArCs ) has been observed in mass spectrograph analyses by 

Herman and Chermak and Channin^ but little is known about the reaction 

rates leading to its formation or destruction. We had decided from the 

reaction kinetics studies already carried out on the Ar-Cs system that evi¬ 

dently one (or a combination) of the missing reactions had an extremely high 

temperature dependence - even much higher than the very important eollisional 

radiative recombination rate which varies as T ' . Therefore if the anoma- 

loiis behavior was to be connected to ArCs there must surely have been some 

production and/or destruction reaction of ArCs+ that was extremely tempera¬ 

ture sensitive . 

Some association-dissociation reactions are known to exhibit very sensi¬ 

tive temperature dependences . For example with electron attachment and 

detachment to molecular oxygen, 02, the two-body eollisional detachment coef¬ 

ficient for Og" increases from 9xl0"lr'cm:/sec at 375¾ to 1.4xlO"14cm3/sec 

at 575°K where the electron affinity is 0.4-3 eV.^ We have already observed 

that for our microwave measurements of electron density versus (inverse) 

temperature that the data could be fitted with the exponential function 

n=nQ exp [-£/(kT/e)] with an "activation energy" £=0.22eV. It seemed hope¬ 

ful, therefore, that we might be able to explain our results with an associa¬ 

tion-dissociation reaction like 

”4* -i- 

Cs + Ar + Ar ^-ArCs + Ar . 

This report presents the results of a computer study to fit a revised 

model (ll) of the reaction kinetics (including ArCs+) to the inpile Ar-Cs 

microwave data. 
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MODIFIED REACTION KINETICS (ll) 

Our previous reaction kinetics theory for a plasma generated by fission 

fragment ionization of a Penning-type gas mixture has been described in 

several previous reports.8'2'9 The equations for this first model (l) are 

the continuity equations (2) through (7) in Table l(but including only the 

terms through C22) and the charge neutrality equation 

n N+ - N2+ - A 2+ 
- (na)_ (1) 

where 

and 

n = electron density 
e 

N ,N , N = neutral, metastable excited and 

^ m x non-metastable excited state 
densities of the major gas 

N+'N2+ 

Ao'A+'A2+ 

(NA). 

= atomic ion and molecular ion 

densities of the major gas 

= neutral, atomic ion and molecular 

ion densities of the minor gas 

= heteronuclear ion density (not 

included in kinetics I model). 

For a more detailed discussion of the various terms in the equationsor 

the first model (l) the reader is referred to our previous report.' ’ 

Tine modifications to the reaction kinetics (for Model II ) include a 

generalized heteronuclear ion (NA)+ in Eq. 1 with its rate Eq.8 (Table l) 

and rate coefficients C^ to C,]+ in Table I.+ These will be discussed 

next for the specific heteronuclear ion ArCs in the binary gas system 

argon-cesium . 
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Reactions for Heteronuclear Ion (NA)+ = ArCs 

Very little is known about the heteronuclear ion ArCs+. The following 

Table II is a list of those 2-and 3-body reactions which were considered as 
* 4- 

possibly important to the production or destruction of ArCs . 

TABLE II. Possible reactions involving ArCs4 ._ 

Reaction Rate 
Coefficient Reaction Used 

"23 

:24 

'26 

'28 

'29 

30 

C31 

C32 

C33 

C34 

Ar+ + Cs + Ar 

Ar + Cs + Cs 

Arm + Cs 

Ar+ + Cs 

Cs+ + Ar + Ar 

Cs + Cs + Ar 

Cs^ + Ar 

ArCs+ + e" 

ArCs+ + Ar 

ArCs+ + Ar + Ar 

ArCs+ + Cs 

ArCs + Cs + Ar 

ArCs + Ar 

ArCs + Cs 

4' 

ArCs + e- 

ArCs+ + Ar 

ArCs + Ar 

ArCs+ + Cs 

ArCs + Cs 

C + Ar 

Cs + Ar + Ar 

+ 
Cs + Ar + Ar + Ar 

Cs^ + Ar 

Cs+ + 2Ar 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

The reaction kinetics computer code (for the solution of simultaneous non¬ 

linear equations) was modified to include these 12 additional terms as shown 

in Table33 but only 6 of these coefficients were actually used in the puram- 

eter studies (the remaining 6 coefficients were set to zero as discussed 

below). A flow diagram of this kinetics model (ll) is shown in Fig. 1 neg¬ 

lecting the non-metastable excited states of argon (Ar*) . 

Reaction Rate Coefficients 

The values of the various argor-cesium reaction rate coefficients for 

Reaction Kinetics I have been presented before . Four of these values have 

been updated as follows : _____ 
■^Changes of this magnitude (and larger) in the Reaction Kinetics I coefficients 
(Cq. ^22) have shown no appreciable effect on the temperature dependence 
t)ne/c)Tgas and it was precisely this absence of effect that led to the search for 

another temperature dependent ion. 
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Fig. 1. Fie ' diagram for Reaction Kinetics II Model. The non¬ 

metastable excited states of argon Ar* are neglected here. 
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C, , Three-Bof’.y Molecular Ion Formation (Ar+ to Art) '■ A more recent value 

----% .,(10) 
for the conversion frequency of this reaction is v=71 p sec which 

(d 1 
yields a value of C^=6.8xlO_i cmDsec” or a value of about 1/8 the previous 

value . 

C , Three-Body Molecular Ion Formation (Cs+ to Cs/,) : The previous cal- 

(2) 
dilation of this reaction rate from classical collision probability theory 

was corrected. The new value is one-third that used previously or 

n n r -]n"31 6 -1 C, =1.6x10 cm sec 

C^)+, Three-Body Volume Destruction of Metastable States: The previous 

value for the 3-body destruction of argon metastable states by argon atoms 

was determined by Phelps and Molnar ^ v( 300°K) --0 p,:-. Somewhat later Futch 

and Grant12 obtained v(300°K)=13 .5 p2 and v(77°K)=!+UO p1“, These two points 

were fitted by a straight line on log-log paper to give C , =2.22xlO~2^T“'^^ 

6 -1 14 
cm sec 

C2Q (and C ), Collisional Radiative Recombination for Cs (and Ar+): A 

detailed discussion of this recombination process is presented in Reference 2. 

For the collisional dominated range of interest here (Tg f: 1300°K,neJ5 10 cm” ) 

the following expression was obtained 

C22, C. = 2.7 X 10"1Q(250/Te):3 cm6 sec-1 

where T^ is the electron temperature . In the past we have argued that the hot 

electrons from the primary fission ionization process (and from the Penning 

ionization process) are thermalized in times very short compared with the time 

for recombination and have assumed that the effective electron temperature is 

approximately equal to the average gas temperature, i .e . T = /T \ . It 
N Sa^ av 

will be pointed out later in this report that a fit to the experimental data 

could be obtained only if this important reaction rate was reduced by a fac¬ 

tor of 10. This implies that the electrons are indeed hotter than the gas 

but this point will be discussed later. 

For the Reaction Kinetics II Model with ArCs it was decided to try to 

fit the data using only the following additional six coefficients.*_ 

*For the analysis of the argon-cesium inpile microwave data with the Reaction 

Kinetics theory, we used an ion source rate (Sq)averaged over the volume of 

the microwave cavity. Sq was obtained from a pure arçon run on the Q00 Ion 

Generation Rate Code as Sq = <B+(r*))av/N0-2.40xl0“^sec"^-for a neutron flux of 

¢=1 .OxlcA3cm~2sec“l. A calibration of the neutron flux gave ¢=1.44xlC)13cm“^ 

sec-1 at a reactor power of P=2.0 MW so we have sq = <S+(r^)>av/N0P=l .73x10“ 
sec“1MW-1. 
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4* m 
C0^, Penning-type Production of ArCs via Ar : Thi:; reaction rate coefl'i 

cicnt war. net equal to the Penning reaction rate coefficient (i.e., Arra+Cs 

-tAr+Cs +e") so 4 .6x10“ cm' sec" • Some code runs were made where 

this coefficient was varied hut this variation had little effect on the over¬ 

all result. 

C- ,C0q Production of ArCs by 3-Body Attachment: These coefficients 

were arbitrarily varied as described later . 

Cq,Dissociative Recombination Coefficient for ArCs : This reaction rate 

coefficient was expected to be anc* was se^ e<lual to the dissociative 

recombination coefficient for Cs* i .e . C0.=C_ =2.OxlO’^cm^sec"1. 
iU 21 

C_n.C_-, Dissociation of ArCs by 2-Body Collisions xvith Neutral Atoms: 
31 33_ 

C, _ is the reaction rate coefficient (ArCs +Ar-> Cs +2Ar) upon which most 

of the burden of the extreme temperature dependence is to be placed . C^ is 

set equal to C ^ and both are varied as described later . 

Coefficients Not Used: The reactions corresponding to the reaction rate 

coefficients C^, C-, , and C0^ in Table II were not used because it was 
23 24 26 29 

known from previous reaction kinetics studies thnt over the range of condi- 
4- 4. "+ 

tions of interest the concentrations of other ions (Ar , Ar?, Cs2) were 

small compared to the concentration of the atomic cesium ion Cs . The 3-body 

reaction corresponding to the rate coefficient C^Q was not used 

should be small compared to the 2-body dissociation reaction corresponding to 

the rate coefficient 

produced in the reaction. 

in Table II was not i 

bine dissociatively at the same rate (C. 

reaction corresponding to the rate coefficient C^Q was not used since its rate 

;ior 

the rate coefficient where momentum can be conserved by the third particle 

The reaction corresponding to the rate coefficient 

in Table II was not used since both molecular ions are assumed to recom- 

-r 1 
'30 2r ■ 

Diffusion Coefficients 

The ambipolar diffusion coefficients % for the positive ions at a tem¬ 

perature T, °K are determined from measurements of the ion mobility q0 (at 

standard conditions of 273 °K and ?60 torr) by the expression =(2kT/0)1..1 o+ . 

The ambipolar diffusion coefficient Ka at unit neutral atom density (i.e. 

Da/2.69xl019) and 300°K is =1 .l+xl0löqo 

cm (volt‘sec)-1. Values (K, to K^) of for the ions Ar+, ^2 > Cs^ and Cs2 

+ cm"'*’sec“''' where q + is in units of 
0 

+ ,. + ^ -f 
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were^derived in Referenr-e 2. The vadue of for the heteronuclear ion 

ArCs was taken equal to K4 for Cs2+ . For these studies the electron tem¬ 

perature was assumed equal to the gas temperature so the variation of the 

diffusion coefficients with the average gas temperature was 

V <Tgai>J = Ki,a (300°K> * 

where the temperature is measured in °K. 

^gas) g£lt’/'av 
3UÜ— 

Computer Code 

The Reaction Kinetics I code was modified to include the additional 

diffusion term K^. and the additional volume processes C0_, to C^ as shown 

in Table I for the ArCs+ reactions listed in Table II. A listing of the 

Reaction Kinetics I code had not been published previously so a listing of 

the entire Reaction Kinetics II code is presented in Appendix A. Tie main 

control program is presented in Table A-I. Tie subroutines NONLIN, GROUT, 

PUNT, ITER and FINAL for the solution of N simultaneous non-linear algebraic 

equations in N unknowns had been coded by E. Stoneking for the IM 709U com¬ 

puter using the double precision Fortran IV language The method of func¬ 

tional iteration is used and is equivalent to an N-dimensional Newton's 

method .Il+ 

The subroutine EVAL is given in Table A-II for the N=8 equations and the 

various partial derivatives. An example of the input to the code is given 

in Table A-III and an example of the output in Table A-IV. 

RESULT’ 

Tie experimental microwave measurements of the electron density in 

argon-cesium plasmas were presented in the preceding ONR annual report for 

1966 together with the computed curves from the reaction kinetics theory I. 

These data are again presented in Figs. 2 to 6 where the experimental data 

are shown as points and the previous predictions from the reaction kinetics I 

model are shown by the dashed curves . The new curves from the reaction kine¬ 

tics II model are the solid curves . Tie steps required to fit the n"W model 

to the experimental data will now be discussed . 
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Reduced Colllsional Radiative Recombination Rate 

Introducing the heteronuclear ion ArCs+ to the reaction kinetics model 

will tend to decrease the computed electron density. This comes about since 

most of the production reactions of ArCs+(Table II) involve the destruction 

of another ion. On]y the production reaction from the metastable argon 

(C2^) can produce a new ion but this reaction competes with the production 

of the atomic ion Cs+ (^). On the other hand the dissociative recombina¬ 

tion reaction (C^) can be expected to proceed very rapidly which would lower 

the electron density. 

A comparison of the experimental data with the predicted values from 

the kinetics I model for low values of Cs/Ar (see Figs. 2 and 6) show that 

the computed values are as much as a factor of two too low. From previous 

reaction kinetics studies the only reasonable way to affect such an increase 

in the computed electron density would be to decrease the collisional radia¬ 

tive recombination rate _ which implies an elevated electron temperature* 

in contrast to our previous assumption that ^ . To obtain a fair 

fit with the experimental data, the collisional radiative recombination rate 

was decreased by a factor of 10 so that the expression (for the collisional 

dominated range) became 

C22' C3 = 2*7 X 10-20(250//T \ )5cm6 sec’1. 
v gas/aV 

If this reaction rate is written as 2.7xlO-19(/T \ /T x(250/¿T \ 
t- -, gas/av e gas^av' 

such that (<*gas> /Te) -IO" , then T — 95°°K for <T \ =600°K and the 

gas av 
effective electron temperature is about 350°C better than the gas atoms. 

Variation of ArCs* Reaction Rates 

The primary reactions involved in the association-dissociation of ArCs+ 

are the two production reactions 

C27 + Ar + Ar  -^ ArCs+ + Ar 

C28 Cs + Cs + Ar -^ ArCs+ + Cs 

and the dissociation reaction 

'31 
ArCs + Ar Cs + Ar + Ar 

SratureefÍom°deÍ«-ffÍeS de^rabed here> a ^Putatiou of the electron tern: 
p rature from detailed energy balance considerations by D. B. Rees showed thp 
electron temperature to be considerably higher than the" gas temperature foÎ 
most oí our experimental conditions 
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The dependence of the concentration of ArCsf on the gas composition (Cs/Ar) 

is built into the first two production reactions and the dependence of the 

concentration of ArCs+ on gas temperature was built into the last dissocia¬ 

tion reaction. After some variation of these reaction rate coefficients a 

fair fit to the data was obtained with the following values: 

C = 1.0 X 10-^ cm^ sec ^ 

_ . 6 -1 
C2g = 1.0 X 10 cm sec 

C31 = 2.4 X 10“^ exp^-0.74/(kT/e)"j cm^sec“1 

Only the magnitude of the first reaction rate (C^) is physically realistic. 

The second reaction is at least one order of magnitude too high since the 

3-body gas-kinetic collisional rate of the two neutral atoms and the ion, 

apart from the probability of a particular interaction is only about 

1.5 X 10-2^ cm^sec"1. The leading factor of the last reaction is many 

orders of magnitude too large since the 2-body gas-kinetic collisional rate 
Q **1 _ i 

between the ion and neutral atom is only about 7x10 'cm sec . It was con¬ 

cluded from these studies that the anomalous behavior of our argon-cesium 

plasmas could not be attributed to the presence of the heteronuclear ion 

ArCs+ . Nevertheless the fit of the Kinetics II model (consider now as Ki¬ 

netics I model with three additional adjustable coefficients) to the experi¬ 

mental data was sufficiently good that the fit to the data will be described 

next in some detail. 

Fit of Kinetics II Model to Experimental Data 

In view of the fact that the magnitude of the ArCs reaction rate coef¬ 

ficients needed to fit the experimental data were physically unrealistic 

these additional coefficients should henceforth be viewed only as adjustable 

parameters to aid in curve fitting. As will be seen in the discussion to 

follow, the fit to the data is good compared to the predicted values from 

the reaction Kinetics I model. It is beneficial to have a mathematical 

model that fits the experimental data well for purposes of analysis and 

interpolation, however without a solid physical basic such a model has lit¬ 

tle extrapolation value for predicting results outride the range of proven 

agreement. In these studies it was assumed as before that the electron 

density was uniform over the volume of the microwave cavity and the computed 
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15 
values are those at the cer.ter of the cavity. Later studies have shown that 

the electron density does decrease with increasing distance from the center 

along the radius . This correction would decrease the computed values by 

about 20%) and would require some further adjustment of the rate coefficients 

to reestablish the present fit. The main effect of this correction would be 

to decrease further the collisional radiative recombination rate (C22) 

(increased electron temperature). However, the major conclusions would be 

unchanged since the magnitude of the ArCs rate coefficients were determined 

more from fitting the temperature dependence of the electron density (dne/dt) 

rather than the magnitude of n . 
0 

Effect of<*Tgas> on Electron Density: Three experimental runs at dif¬ 

ferent constant values of Cs/Ar Ind been made to establish the dependence of 

the electron density on the average gas temperature (i.e. the average cavity 

wall temperature). 'The cavity wall temperature variation was obtained by 

varying the cooling gas flow rate to the uranium wall of the microwave cavity 

and at the same time adjusting the cooling flow to the cesium bath to main¬ 

tain a constant Cs/Ar. These runs were made at different values of neutron 

flux to obtain the maximum temperature variation. 

The experimental data and computed curves for these three runs are shown 
/* 

in Fig. 2 for a low Cs/Ar=l.0x10 , in Fig. 3 for a medium Cs/Ar=5.6x10"5 and 

in Fig. 4 for a high Cs/Ar=l .OxlO-3. For a low Cs/Ar (Fig.2) the modified 

reaction Kinetics II curve exhibits a very strong temperature dependence in 

agreement with the experimental data (and in contrast to the Kinetics I 

curve) but the magnitude of the predicted values are still somewhat low. 

This indicates that, at least at low Cs/Ar, the collisional radiative recom¬ 

bination rate (C22) could be reduced even further(indieating an ever higher 

electron temperature). 

At a medium value of Cs/Ar (Fig.3), the Kinetics II curve for electron 

density agrees well with the experimental data in both magnitude and tempera¬ 

ture dependence . The Kinetics I model predicted approximately the correct 

magnitude of the electron density but the temperature dependence was too weak. 

At a high value of Cs/Ar (Fig.4) the Kinetics II model again fits the 

experimental data well in both magnitude and temperature dependence. In this 
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range of Cs/Ar the Kinetics I model had predicted values too high. Neverthe¬ 

less even with the reduced collisional radiative recombination rate in the 

Kinetics II model, the higher concentration of cesium produced more ArCs 

(via C2g) and therefore a greater loss of ions (via C.^) and a smaller elec¬ 

tron density. 

Effect of Cs/Ar on Electron Density: Two experimental runs were made in 

which the Cs/Ar was varied while holding the average gas temperature <Tgas>av 

constant. The first run at the lower<Tgas>av=5760K is shown in Fig.5 and 
31 2 1 

the neutron flux was 0-72x10 °cm sec" . The second run at a higher<Tgas>av 

=64-4°K is shown in Fig .6 and the neutron flux was also higher at 1.44x10'*'^ 

cm sec" . In botii of these runs the curve from the Kinetics II model fits 

the data much better than that from the Kinetics I model. In particular the 

maximum in the curve of ng vs Cs/Ar is shifted to a much lower value of Cs/Ar 

more in agreement with the maximum in the experimental data . 

Effect of Neutron Flux on Electron Density: One experimental run was 

made in which the neutron flux was varied while holding constant the Cs/Ar 

at 4.19x10”^ and the average gas temperature<Tgaa)av at 644°K. These data 

are shown in Fig. 7 together with the predicted curve from the Kinetics II 

model. The part of the curve for the Kinetics I model was drawn through a 

point taken from Fig 6. The fit of the Kinetics II curve in Fig. 7 to the 

experimental data is good and considerably better than that predicted from 

the Kinetics I model. 
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Fig. 2. Electron density versus <Tga¿5 for low Cs/Ar=l.0x10"^. 
Neutron flux was T •3xl012cm-:-sec-1. 

15 



EL
EC

TR
ON
 D

EN
SI

TY
, 

cm
 

Electron density versus<Tga¿> for medium Cs/Ar-5.6x10"^ 
Neutron flux was 1 .OxlO-l3cm-2sec-l_ 
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Fig. k. Electron density versus <3?qas> av i'01’ high Cs/Ar=1.0x10 
Neutron flux was 1.22xlO-L3cm-2SeC-1. 
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Fig. 7. Electron density versus neutron flux forCTxms^ = 6t4°K and 
Cs/Ar=4.19x10-5. J av 
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APPENDIX A 
REACTION ktí'IE'ETcS’ CODE II 

TABLE A-I. Listing of main program and subroutines: NONLIN, GROUT, PUNT, ITER and FINAL. 

IföPTC LPM2 PULIST.REf,CfcCK,M9^,XRit0D 
C 
(>♦•♦ KLAGT IC N KINETICS CCOEUD.JUB E36 
€♦•** THIS IS THE MAIN CONTROL PROGRAM 

DIMENSION X(40l 
DIMENSION T I T LE I 24 J 
LOGICAL MSW 
INTEGER PRINT,RTN 
DOUBLE PRECISION X.EPS 
COMMCN X,MURE,MS* 
N ARH I ST/GUESS/X.EPS, PRINT 
MS*=.EALSE. 

10 READ(5,11»TITLE 
11 FORMAT ( 12A6) 

WRITE<6,21ITITLE 
21 FORMAT!IH 1,20X,12Aõ/21X,l2A6) 

READ!3,GUESS) 
K.R IT E ( 6, GUESS ) 
MCK E = 1 

20 CALL NCNLIN(8,X,EPS,PRINT,RTN) 
M S*=.TRUE. 
GO TC<20,10).MORE 
END 

»IbETC Nl.NL I f\ FULIST ,REE,DECK,M94,XR7*DD 
C 
r,«**« THIS IS THF MAIN SUBROUTINE NONLIN 

r. **** 
C 4**« 
c **** 
c **<■* 
c *♦** 
r ♦*** 
c. * * * * 

X 
REPS 
CYCLE 

REX 
EPS 
SSRFX 

SUBROUTINE NONLlN(N,X,FP$,tSW,L) 
N IS NUMBER OF INDEPENDENT VARIABLES AND EQUATIONS 
X IS niTIAL ESTIMATE OF ROOT AND MUST HAVE DIMENSION 40 IN 

CALL IN G PROGR AM. 
EPS IS ALLOWED ABSOLUTE ERROR 
rsw IS INTERMEDIATE OUTPUT SELECTOR 

1 FOR NO INTERMEDIATE OUTPUT 
*> FDP INTFRMFDIATF OUTPUT 

DIMENSION F(4O,Al),G(4C),nFLT(4D),X(40),REX(4O),Tl40) ,S(40 I , 
1 0 ) 

DIMENSION CYCLE(40,10t 
COMMON X 
DOUBLE PR EC. ISION F , f, , DCLT 
DOUBLE PRECISION T , S , BEST 
DOUBLE PRECISION SSAFX , SSAFT , DABS 
DOUBLE P R E C ISION DF TERM 
REPS=.01DO*EPS 
DO 1 1=1,20 
SI I )=0.000 
rex!i ) = 0.non 
DFLTI I 1 = 0.000 
BEST! 1)=0.000 
G! I ) = 0.000 
no i j=i,?n 
F!I,J)=0.000 
SSAEX=1.OOB 
SSA FT = 0 .ODD 
IC=0 

1SC=1 
K = 0 
CALL FVAI !E,G) 

N »NL0001 
NONL0002 
N0NL0003 
NONL0004 
NCNL0005 
N ONL 0006 
NÜNL0007 
NONL0008 
NQNL0009 
N JNLOOIÖ 
N0NL0011 
NGNL0012 

REST!4NÜNLG010 
N ONL 0014 
NÛNL0015 
N ONL 0016 
N0NL0017 
NQNL0018 
N ONL001 9 
N ONL 002 0 
N ONL 0021 
NÜNL0022 
NÜNL0023 
N0NL0024 
NONL0025 
NONL0026 
NUNL0027 
N0NL002 8 
NÜNL0Q2 9 
NONL0370 
N0NL003i 
N0NL0032 
N0NL0033 
NONL0034 
N ONL 003 5 
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r.**«■* K ¡s im r.nwMON 
m 17 I=i,N 

ï7 G(ï )=-g(r ) 
nri ion i = i,N 

m P ( ï, NM- n=g ( n 
on ^o r=i,M 
r( ï) = f( i, n 

^ s( ï i=r,( [ » 
oall r.Rnnr (f ,m, i ,nFTFRM,i » 
T F ( L . NF .1 ) GO TO 1 07 

CALL 0(JN|T(l,OEST,IC ,ICñ,Nff7RPT,ISWl 
RF TORN 

IV» on loi i = itN 
n’ oflt( n =f{ ï ,n 

’O on ?1 1=1,N 

’1 RpX( I ) = nARS(OFLT( I)/X( I) ) 
SS A FT = 0,noO 
on 7 o 1=1,N 

“»O SSAFT = SSAFT + S ( [ )** 7 
!F( SSAFT-SSAFX)7a,7^, 

7<V on 77 1=1, n 

^ OESTM ) =X ( f ) 
SSAFX=SSAFT 
T.R = !C+ I 

■’s on n ï = ï,n 
IF(RF K< r 1-RFPS ) 11,11,17 

11 CnNTINOE 
)n 7S 1 = 1.,N 
Ic( S ( n-FPS ) ? 5 , ?5,1 7 
FONT IN U F 
on rn 1 5 

i7 ic= ir.+i 
I F( ISO-7) 10,14,17 

1 ^ IF( (C-1001 1 R,1 B, 1Q 
IS CALL IT FR(N ,IC ,RFX,S) 

IF ( rc-lOO I 1 R, 1 B, 1 q 
IB no 70 I =1,N 
?o xi ï ) = X( i uoflk r i 

JC = MOO( ( IC - 1),c M 1 
on 4P 1 = 1 , M 

40 cyclfir.jc i = x(ï i 
I F ( IC - B ) ¡<7,41,41 

4 7 K = IC 
Gn TO 4 7 

41 K = S 
4 B on B 0 J = 1 , K 

IP(J-JC )44,50,44 
44 00 46 1=1,N 

IF(CYCL Ft I, JC l-CYCLFI I ,J) )Br,46,50 
46 CONTINUE 

[TRPT=rc-M0n((C+JC-J),5) 
L = 7 

CALL °tJNT(L,BFST, IC.ICR,N,ITRPT,[SW) 
R F TI /R N 

so continue 
GU TO 2 

IS SSREX =0,000 
on 16 1=1,N 
XI I I = X( I ) +0F LT( I ) 

NÜNL0036 
N0NL0037 
NÜNL 0038 
NONL0039 
NUNL 0040 
NÜNL0041 

NJNL004? 
NÜNL0043 
NUNL0044 
NUNLO045 
NGNL0046 
NUNL 004 7 
NUNL004H 
N JNL0049 
N0NL0050 
NCNL0051 

NGNL0052 
NQNL0053 
NUNL0054 

NUNL 005 5 
NUNL0056 

NUNL 0 05 7 
NONLO058 
N0NL0059 

NÜNL0060 
NUNL0061 

NUNL0062 
N 1NL0063 
NUNL0064 
NQNLC065 
N H N L 0 0 6 6 
NUNL0067 
NUNL0068 
N0NL0069 
N0NL0070 
NUNL 0071 

NUNL0077 
N0NL0073 
NUNL0074 
N ) N L 0 0 7 5 
N )NL 0076 

NUNL 0077 
NUNL 007 8 
NUNL 0079 
NONL0080 
NUNL 0081 
NÜNL0082 
NUNL 008 3 
NUNL 0084 
NUNL0085 
NUNL 0086 
NUNL0087 
NUNL0088 
NUNL0089 

NUNL 0090 
N0NL0091 
NUNL 0092 
NUNL 009 3 
NUNL 0094 
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P w 

is SSR Fx =S SR F X+R F X ( I )**? 
in isw.FQ.i ) on rn im 
CALL FINAL(N.SSRFX,SSAFX) 

in^ L = 4 

RF T MR N 
Il 1 = 7 

CALL PUNT <L,RFST,ÍC,ICB,N,ITRPT.ISU) 
R F TURN 
FN n 

C 
SI IR RG MT IN F CR GUT ( A , N , R , GF T FR m , I JL ) 
GIMFNSICN A(40 *41) 
GIMFNSÏPN INGEX(4GJ 
GGMBLF PRFCISIGN A , OFT , S JM , HI GM , GARS 
GGURL F PRFCïSinN SUMI , OF T F R M 
NM=N+1 
GF T = 1 .GGG 

JZ =N- 1 
)A =N + 1 

GG RG 1=1 * M 
T G ÎNOFX ( n = T 

m 7on j = i» NN 
GG ROO 11=1, N 

SUM=G,OGG 
1=INGFX(II) 
I F ( n-J )’G, 14, T A 

GG IF{ M-] ) qOGG, FRGC,qOf>P 

GGGG Ll LL= II- l 
nn G1 GG x=1 ,Ll LL 
IPPP=INDFX(K) 

91 G G SUM = SMM +A ( I ,K)*A( IRPP,J) 

9GO0 A( I,J) = (A(T,J)-SI)M)/A(ltm 
r,G TG R no 

G4 I F(J-1 ) RGOC,RRGG,ROGO 

ROO G L L t L = J - 1 
GG R I GO K = 1 , L. I L 
IPPP=INGE X i K) 

■1100 SMM=SUM*A ( I ,K )*A ( I Ppp, J) 
R?GG A( f , J 1 = A ( I , J ) -SUM 

RO G CONTINUE 
TT(J-N) 41,700,700 

41 L=TNOFX(J) 
K A = L 
H I GH= A { L , J 1 
K 7 = 0 
GG GF I = J , J Z 

JC. = U1 
L = INOFX(JC) 
IF(OAGS(HIGH|-0ARS(A(L,J)1) G A , 3 F , GF 

G S HIGH = A(L,J) 
KA =L 
<7 = 1 

3S CONTINUE 
I F(<7-01 9400,F31C,9400 

9400 GF T=-DE T 
9310 [F( G4RS( HIGH 1-1 ,G -0F) 31,31,3?on 

31 CONTINUE 
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NUNLCC95 
NÜNL0G9S 
NÜNL0G97 
NQNLCG98 
NÜNL 0099 
NÜNL0100 
NUNL0101 
N i )NL 010 2 
NUNL0103 

NUNL0105 
NQNL0106 
NONL 010 7 
NCNLO108 

N0NLC109 
NUNL0110 
NONL 0 111 
NÜNL 01 1 2 
NÜNL011G 
NUNL0114 
N INLOll S 
NÜNL 0116 
NUNL0117 
NJNLGH R 

NÜNL 0 11 9 
N )NL0 1 20 
N )NL 0 12 1 
NUNLO 12 2 
NGNL0123 
NÜNL0124 

NONL0126 
N JNL012 6 
N JNLOl 27 
N G N L 0 1 2 B 
N UNI 0129 
NÜNL G 1 30 
N JNL01 31 
NÜNLO132 
N )NL 0 1 3 3 
NUNL0134 
NÜNL0136 
NÜNLO 136 
N )NL 01 37 
NGNL0138 
NONL 0139 
NONL 0140 
NONL0141 
NJNL0142 
NONL0143 
NONL 0144 
NONL0145 
NONLO 146 
N ON L 0 14 7 
NONL 014 8 
NONLO 149 
NONL 0150 
N ÜNL 0 1 S 1 

NONLO15 ? 

L 



01 K = 1 
KK=K 
TH IMHF X( K I-KA ) 37,^^,37 

77 CONTINUE 
7S rTF^P=INnEX(J> 

INDFXIJ > = I NHF X(KK) 
INnEX(KK)=fTEMP 

707 CONTINUE 
IF (M I 7000,TOCO,?fno 

?0OO L=N-1 
TO 70 J = J A , NN 
LL = T 
on 47 K = 1 , N 
IF(OABS(A(K,JI1-0.000)4^,47,47 

47 CONTINUE 
17= IN OF X ( N ) 
IF(OARS(A<17,NII-1.00-07)44,46,44 

44 IJ L =1 
RETURN 
00 TO 10 

NONIO 15 3 
NONLOI 54 
N0NL0155 
NÜNL0156 
NGNL0157 
NONIO 15 H 
NÜNL0159 
NONL 016 0 

NDNLO161 
NONLO16 2 
NONL 0)67 
NONLO164 
NONL 016 5 
NONLO 166 
NONL 016 7 
N1JNLOI68 
NQNL0169 
NÜNL0170 
NONLO171 
N UNL 017 7 

44 A ( 1 7, 0 1 = 5.00000 
177 = 1 NOEX(N-l) 
I R(OARSIAII7Z,Nil-1.00-04)47,4?,47 

47 AI I 77 , J 1 = 7. Fr)o 
LL = 7 

47 no 40 I J =LL *L 
SUM 1 = 0.000 
Il=N- I J 
1=INDEX ( l I 1 
LL= II+1 
on 9700 K=LL,N 
TP= l N DF X ( K 1 

9700 Sm = S'IM)+A( I,K)*A( |o,Jl 
A I I , J 1 = A ( I,.n-SUM1 

40 CONTINUE 
79 CONTINUE 

lono OFTFRM=l.noo 
on non I = 1,N 
K = I NOFX( I ) 

900 dftfRm = DETFRM*A(K,! ) 
OETFRM=OFTFPM*DET 
On 400 1=1,N 
00 400 J = J A , NN 
K=INDEX{ I } 
L = J -N 

400 AI I ,1. ) = A( K , J ) 
10 RETURN 

FNO 

NONLO177 
NUNL0174 
NJNL0175 
NONL0176 
NÜNL0177 
NÛNL01 78 
N0NL0179 
NONLO180 
N 1NL0181 
NONL 018 2 
NDNLO)83 
NUNL0184 
NDNL0185 
NONL0186 
NONLO187 
NUNL 013 8 
NÜNLC189 
NONL0190 
NONL 0191 
NCNL0197 
NUNL 019 3 
NDNL0194 
NDNLO195 
NONL 0196 
NONL 0197 
NONLO198 
NONL0199 
NONL 0 200 
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F 

SliRRClUT INF Pl)NT(L»RFST«IC »ICBfNtlTRPT, ISWI 
niHFNSION X(4n)fRFST{40) 
COMMON X 
OOUBLE PRFCISICN X , BEST 
IF( TSW.FO.X) GO TO ?^C 
GO TU n,?,7),L 

^ ! F(L•F Q . ? .OR. L.E0.7) GO TO 70 

RFT'JRN 
1 I C T = [ G f 1 

WR I T F (A(7| ÍCT 

7 F1P MftT( 1M 71M SVSTFM T S IN A SINGULAR REG ION/1H 75H SINGULARITY 
1 CHRP P n ON ITERATION 14/I.H 77H THE SINGULAR POINT FOLLOWS) 

WP I TF ( 4,4 ) ( xm , 1 = 1 , N) 
4 FORMAT! 1H F ?0.R) 

RETURN 
7 WRITE ( 6 » 5 ) IC B 
5 FORMAT! 1H 770 NUMBER OF ITERATIONS EXCEEDS 100/ IH HH ITERATION 
1!4,44H IS 7 F ST ESTIMATE SO FAR ANO IS GIVEN BELOW ) 

<)R ITE 14,4) (REST! I ), 1 = 1,N) 
4 FORMAT! IH F 70.8 ) 

on P7 I = 1 , N 
RR X( I ) = RE ST{I ) 

RETURN 
7 WP ITF (4,n)ITRPT,TC 

10 FORMAT! 17H1 I TF0 A T I ON S 17,4M AND !7,45H ARE ÍCFNTICAL INDICATING 
1 CYCLIC CONDITION./4RM THF BEST RESULTS SO FAR ARF GIVEN BELOW 

WR ITF (4.4) {BEST! I) ,f = 1 ,N) 
7 0 00 21 I = 1 . N 
71 X! 1 )=BESTÍ I ) 

RETURN 
END 

N ONL 0 20 2 
NGNL0203 
NQNL0204 
NÜNL0205 
N0NL0706 
NGNL0207 
N0NL0708 
NGNL0709 
NONL0210 
N ÎNL 0 211 
NONL0212 

UCNUNL 0 217 
NGNL0214 

N0NL0215 
N0NL021fc 
N0NL0217 
NUNL0218 
N0NL0219 

NONL 0 22 0 
NONL0 22 1 
NÜNL0222 
NONL 02?3 
NJNL0224 
NÜNL 0 ? ? 5 
N0NL0226 

AN0NL0227 
. )\ )NL022 8 

NÛNL0229 
NONL0730 
N0NL0231 
NÜNL D 2 3 2 
NUNL 0 R 3 3 

S IBROUT INF iTpR (N, IC ,RF X , S ) 
01 M CN S I ON X(40) ,RFY <4n , S{40) 

COMMON X 
DOUBLE PRECISION X . REX , S 
W” ÎTF { f, n ir, 

1 FORMAT! INO 70H ITFRATICN C.OLNT IS 13) 
WRITF ! 4 . R ) 

R FHRMATIIH SX.BBH ESTIMATED ROOT (ELATIVF frrhR 
1 ERROR ) 

W«ITE (4,3 K X( I) tPEX(I I ,S( I ) , I=1,N) 
7 FORMAT! IH 7F ? 0,8) 

RETURN 
END 

N ) N L 0 2 3 4 

NONL 0234 
NGNL0237 
NONL 023 8 
N0NL0739 
N0NL0240 
NONL 0 24 1 
N JNL0742 

ABSOLUTE NONL0 24 3 
NONL 0 74 4 
NCNL0R46 
N0NL0244 
N ONL 0 24 7 

N ONL0 748 

C 
SJRROUT INE F INAL ( N, SS» F X, S SAP X) 
DIMENSION X(40 J 

COMMON X 
03UBLF PRECISION X , S SREX, S SAF X 
VR ITE (4,1) 

1 FOR M A T( 1 HO R4X.12H FINAL ROOT ) 
WRITF (4,7MX! I ) ,I = 1,N) 

R FO R M A T( IH 70X,03n.14) 
WRITE ( 4 » R ) S SR E X 

7 FORMAT! 1H0 nx.RBH SUM OF SQUARES OF ÍFLATIVF ERRORS IS E70.9I 
WRITE ( 4,4 ) SSA F X 

4 FORMAT! IH 10X.3BH SUM CF SQUARES OF ABSJLUTF ERRORS IS t20.9) 
RETURN 
END 

N0NL0750 
N0NL0251 
NGNL024? 

NÛNL0257 
NÜNL0754 
N ONL 0 2 4 4 
NÜNL0256 
N ONL 0 25 7 
NQNL025R 
N0NL0259 
Ni)NL 0240 
N0NL0241 
N ONL 0 74 2 
NUNL0247 
NCNL0764 



TABLE A-II. JLlstiiig of subroutine EVAL. 
ItíFrCCMfc^ fULISFiREf- tDtCK(M94,Xk7»D0 

SUdRÜUTINt EVAL(P »G ) 

SZf ,X;‘iJ,’PIA0'4“-'^».LMSNÜ 

LUijICiL ISb.MSw 041 ,au, SOI ,^<5 I ,M1T40*,reHI6l 
CO Mi'iJiV X f MURt » M Sw 

n*uo:; 
J^UbrtiGü Tü ICO 
i s«=.true. 

50 K E A J(5, INPUT J 
WR I TE(6,INPUT) 
MSw=.EALSE. 

100 IF(MS W) GO TO 50 

fcVAi.uArë functions and partíais 
VALUtS NEEiJEl) THROUGHOUT 
L AM SNO = L AM*LA,m*NO 
F 1 R S r E ON 

)-X( 3)-*(M-a< 7) -a(oJ G < 11 = X * 
PI 1,1) 

n-xc 
= 1.0 
= -1.0 
= -1.0 
= 0.0 
= 0.0 
= -1.0 
=-1.0 
-1 .0 
EON 
Ml)/LAMSNU 
= C(4)*NU*1.0ij-10*NÜ 
= CI 5)*Nü*1,00-10*AU 
= CI 2 3 ) # iVü *1. OU - 10 * A 0 
= CI24|*Aü*l.00-10*Aü 

wifi!*.1 n*uü~TEvi 1)*X(2»-X( 1) *X(2)*(CÎ1) 
1 0(2) NO* 1. GU-10 ♦ C(i)*X(U*1.0U-lC) 

PI "=-TtiÍín-ci lí taui'-uL'.änM Xn2,^n'°*CI 31 *x 111 *1-°p-10»xi 2| 
ll)-Ti.M{ 2)-TEM(3)-Cl 6)*AÜ ’ °* X( 1 * ~C m 11 *1 • 00-10 *X I 
2-TtM(4 )-TEM(5) 

PI 2,3) = 0.0 
P!2,4| = 0.0 

PI 1,2 Í 
PI 1,3 J 
PI 1,4) 
PI 1,5) 
PI l,ô J 
PI 1,7) 
P I 1 » 3 ) : 
SECOLO 
TEMI 1 ) . 
TE M(2 ) 
TEMI 3) 
T E M ( 4 ) 
TbM(5 ) 

PI 2,5)=2.0*C( 7)*X15) 
P(2,6 ) = 0.0 
PI 2,7 I = 0.0 
PI 2,3 ) =0.0 
THIRU ecn 

TE Mil) =(C(l)tC(2)*NJ*l. OU- 10 ) *C( H) 
TEM12) = CI3)*CI0)FX(1)+I.ou-10 
TEM( 3) = TEM(1)+TEM(2) 

ic^¡:NÍ.2itrUM,3,'<,ll‘<,2,-xu,/riu‘ 
p( 3,il = X(2)*TEM(1 ) 

1+2.0»î 6MI2)*X(2 ) 
PI 3»2) = XÎ1)*TEM(3 ) 
PI 3, 3) = 0.0 
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r 

P( l=-l.n/rAUX-C( 9 ) *N J 
P(3,5) = 0.0 
p< 3,6) = 0.0 
P(3,7 ) = 0.0 
p{3,d ) = 0.0 

C FOURTH EUN 
TEM(1)=KM/LAMSNU 
TtM<2) =CI 10)*(C( 1H>C(2)*NO*1.0U-10) 
TEM( 3 ) =C< 14)*NQ*1.0:i-10*NU 
TEMÍ4) = C( 10»*C( 3)*X(1)* 1.0Ü-10 
TEM15» = TEMI 2M-TEMÍ4* 
lit 4 l = S Í 3) *NO-T E M ( li*Xl5)«-TfciM(5)*X(l)*X(2)<-C{ll)*C(l6)*X(3i*X(l) 

1- C( 12)*X(5)*X(5)-C( 13)*NJ*X(5)-C(15)*AÜ*a<5)-TEH(3)*X(5) 
2- CÍ26) *AG*X(5) 
PÍ4(1) = TEM(2)*XÍ2)*C( 11)*C( lóM'XOI 

1 + 2.O^TtMÍ 4)*X(2 ) 
P(4,2) = T E M(5)*X( 1 ) 
PI 4,3) = C( 11 )«C( 16 I * X( 1 ) 
P(4,4 j = o.O 

P(4,e )=- T E M(1)-2.0*C( 12) * X(5)-C(13)*N0-C(16 > *AU-T EM (3)-C(25)*AU 
P(4,o ) = 0.0 
P(4,7 ) = 0.0 
P(4,d ) = 0.0 

C FIFTH tú'N 
TEMI 1) = n(2)/LAMSNU 
TEMÍ2I =C(4)*NU*1.0D-10*f'iU 

U( 5 )=-TEM( 1 )*X( 3)-U 16 )*X (1)*X( 3) *TEM ( 2 )*X( 2) -CÍ17) *AU*Xi 3) 
H-C(9)*UU*X(4)-C(26)*AO*X( 3) 
P(5, 1 )=-C(16)*X(3) 
Pi 5,2i = TEM(2) 
PI5,3)=-TEMIl)-C( 16)*Xi1)-C(17)*AU-C(26)*AU 
Pi 5,4)=CI 9)*NU 
Pi 5,6 ) = 0.0 
Pi5,c) = 0.0 
PI 5,7 ) = 0.0 
PI 5,8) = 0.0 

C SIXTH ECN 
TEMÍ 1 ) = M 3) /LAMSNU 
TEM(2 ) =C(10)*C(19)*UO*1. OU-1 O*C(22) *X( 1)*1 .00-10 
TEMI3) =C(20)*AÚ*1.0J-10*Nü 
TEM(4 ) = Cl27) * NU*1. OU-10*NU 
TEM16) = Ci 28)*AU*1,00-10*NU 
TEMIÓ) = C<32)*NU*1.00-10*Nü 
Gi 6) = -TEM( 1 )*X( 6 )-xm*X( 6) *TEM| 2 )-TEMÍ 3)*Xi6 )*C( 6) *AQ*X( 2 )*C( 17) * 

1AÜ*X(3)+0115)*AU*X( 5) 
2-TEMI4)*X(6)-TEM(5)*X(6)+C(31)*NU*X(Ö)fTEMi 6)*X ( 8 ) 
Pt6,l )=-A(6)*(C(lB)*C( 19)*NU*1.0J-10*2.0*C(22 )* XÍ 1 ) *1.00-10 ) 
Pi 6,2)=CI 6 I *AÜ 
P ( 6,3 ) = C( 17 )* AO 
P(6,4) = 0.0 

P I 6,5)=CI 15) * AJ 
Pi6,8)=-TEM(1)-TEMÍ2)*X(1)-TEMI3)-TEM(4)-TEM(5) 
Pi6,7 ) r c.O 
P(6,rt ) = Ci 31 ) * TE Mí 6 I 
SEVENTH EUN 
TEMI 1 ) = k(4)/LAMSNÜ 
T EM(2) =C(20)*AÜ*1.00-10*NO 

27 



TEMÍ3» = Ct 34 >*AU*NÜ*1.0J~10 
Gt 7l*-TEM( I >*X( 7i-C( 21 )*)U i »*X( 7) +TEM(2I*X(6I 

l-C(29 I *NO*X t7IfCt 331*AU*Xt8l + TEH( 3)*X(B| 
Pt 7,l)=-C(21)*Xt7l 
Pt 7» 2 I * 0.0 
Pt 7 » 3 ) = 0.0 
P ( 7 * 4 ) * n.O 
Pt 7,5 ) * o.O 
Pt 7*6) =T EM t 2 í 
Pt 7, 7)=-TEM( 1i-Ct 21Í*X(II-Ct29í*N0 
P t 7(d» = Ct 33í*AO + TEMt3) 
EIGHTH EWN 
TEM(1) X K(5)/LAMSNÜ 
T É MI2 > X C(23)*AU*NÜ*l.OD-10 
TEMt3) * C(27)*NÜ*N0*1.03-10+C(281*AÜ*NO*l.OD-IO 
TE M( 4 ) * Cí 31)*NU+Ct 33»*AO 
TEM(5) X Ct32l*NÜ*HU*1.03-10*C{34Ï*AO*NO*1.00-10 
Üt a) = -rEM( l)*Xt 8) -C ( 30) *X í 1 )*X( 8) ♦■TEMÍ2 )*X( 2) «-TEM ( 3 ) *X ( 6) 

1+C ( 26 ) * Aü*X ( 3)+Ct 29)*NJ*X (7)-TEM(4|*XI8)-TEM(5)*Xt0) 
2 + C(25)* AO+X(5) 

Pt 8,1 I X -Ct 30)*X t b ) 
P(8,2 ) X TEM(2) 
P(8f 3 ) X Ct 26)*AÜ 
P(8 » 4 ) X 0.0 
P t 8 » 5) X C(2 5)*AÜ 
P I 81 6) X TEMÍ 3) 
P(8 * 7 ) X C{29)*NU 
Pt 8,8» =-TEMt 1)-Ct 30)*X( 1 )-TEMI4) -TEM ( 5 ) 
RETUPN 
END 

TABLE A-IXI ■ Example of input cards to computer cards . 

RUN 519.1 TO 519.8 NE VS T(GAS> FOR A/Nxl.00D-6 Fx7.25D12 
TEMP OK X 300,400,500.600,700,800,1000U300 

SGUESS X( 1 )x3, ID 12,8.409,1.5010,1.0,2.48011 »3•09D12,5.8D8,33*0•0* 
EPS=1•00—6, PRINT x?* 

SINPUT LAV|x2.0160-01 , TAUX= 1.000-06 , KM»1,70D18, 

K=2.200 18,2.70018,2.90018,2.SOD 18,2.80018, 
Sx 1.74 00-03,0.000-03,0.8700-03, 

0x2.700-12,2.500-20,1.080-10,6.800-22,5.000-21,3.000-12,5.600-10. 
1.000-01,5.600-12,1.000-01,5.000-01,^.600-10,1*200-15,1.300-22, 

4.600- 10,6.700-07,3.000-12.3.500-12,2.500-20,1.600-21,2.000-06. 
1.080-10,0.0,0.0, 
4.600- 10,0.0.1 .000-24 * 1.000-18* 
0.0,2.000-6,1.000-17,0.0,1.OOD-17,0.0, 

A0=2.90012.NO*2.90018 % 

«INPUT K = 2.94 018.3.60D10,3.86018.3.74018.3.74018, KM*2,27D18, 
C(3)=2.900-11. C<22>*2.900-11,C<14)=6.000-23, 

C(31)X1.200-14,0(33)=1.200-14 * 
C 
C DELETED RUNS 510.3 THRU .7 
C 

«INPUT C(3)=1.000-13, C(22) » 1.OOD-13,C(14)=3.400-24, 
C ( 31)*3.000-08,Ct33)=3.000-08, 

K=9.55018.1.17019,1.26019,1.21019,1.21D19, 

KM=7.35018. MORE*2 % 
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SECTION B 

CALCULATEON OF ELECTRON TEMPERATURES III PLASMAS 

PRODUCED BY FISSION FRAGMENTS 

ABSTRACT 

A method of calculating electron temperatures in noble gar; plasmar; gen¬ 

erated by fission fragments is presented. Knowledge of the production rate 

initial energy and energy-degradation rate of fact ele •tren •rented directly 

by the fragments is used to determine the energy input rate by electron- 

electron collisions to the Maxwellian electron .-warm whi -h, in turn, loses 

energy via elastic collisions to the ambient ions and atoms . For a Pe lining- 

type noble gas mixture an additional though less important source of electron 

energy arises from the metastable-ionization process, and thi also is taken 

into account. Results of the calculation presented for neon seeded with 

0.017° argon at a total gas pressure of 90 torr chow that at low valuer of 

neutron flux (^1010cm 2sec_1) and electron dencitiec 1010cm"^), the cl' •- 

tien temperature is at or near the gas temperature, but at high neutron flux 

(-10 Jcm sec" ) and electron densities (-olO cm"'), the electron tempera¬ 

ture is higher than the gas temperature by an important amount (^> 50' >°K) . 

The significance of thi. result and its influence on previous computations 

is discussed . 
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OBJECT 

The purpose of the present study was to develop a theory for calcu¬ 

lating electron temperatures in fission-fragment-generated plasmas. This 

information is important for evaluating the electrical conductivity of such 

plasmas considered for energy conversion application. 

CONCLUSIONS 

For plasmas generated by fission fragments penetrating noble gases at 

pressures of about 90 torr, the energy input rate to the electrons is suf- 
11 -2 -1 

ficiently high at a neutron flux of 10 'em sec to maintain electron tem¬ 

peratures at values significantly higher than the gas temperature. Thir 

nonequilibrium situation accounts for much of our observed temperature 

behavior particularly in the Ne-Ar system where theoretical predictions are 

now in excellent agreement with experiment. 

I. INTRODUCTION 

In our previous studies on plasmas generated by fission-fragment ioni- 

1-6 
zation of Ne-Ar and Ar-Cs gas mixtures we considered the electrons to be 

in thermal equilibrium with the ambient ions and atoms . Such a notion arose 

principally from our estimates that the high energy electrons produced by 

the fission fragments were rapidly thermalized upon the cooler swarm elec¬ 

trons which in turn were quite closely coupled to the ion/atom temperature 

T. . Further, our reaction kinetics analyses of Ne-Ar and Ar-Cs plasmas 
i ,a 

using electron swarm temperatures T T. generally predicted well the mag- 
e i 

nitude and trends of the electron density measured in our microwave cavity 

experiments. Nevertheless, certain observed temperature effects are not 

consistent with theory; in particular, the variation of electron density ne 

with cavity temperature in Ne-Ar, and especially in Ar-Cs, cannot be recon¬ 

ciled with our computations . This has motivated a reexamination of many 

temperature-dependent aspects of the reaction kinetics system, such as more 

careful estimates of certain important reaction rates, the possible forma¬ 

tion of very temperature-sensitive heteronuclear ions and the validity of 

the approximation T -¾ T. . The present report deals with this last topic . 
e i,a 

1 



We show how the electron temperature can be calculated from energy bal¬ 

ance relationships which start from fission fragment losses, and we present 

results for both Ne-Ar and Ar-Cs plasmas. It is found that Te =» T. , gen- 

erally by an important amount. Typically, the electron temperature in 

We-Ar is several hundred degrees above the ambient gas temperature of 3OO- 

^00¾. For Ar-Cs, the calculation is less complete because we have not yet 

included the electron energy lost to excited cesium states; however, when 

this loss is neglected, we find T — 2000°K for T, -^ 500¾. The significance 

of these findings is discussed, and particularly noteworthy is that for the 

Ne-Ar plasma all our reliable experimental values of electron density 

obtained as functions of neutron flux and microwave cavity temperature can 

now be accurately computed by a detailed reaction kinetics model which 

takes into account the elevated electron temperature This complete theory 

contains no adjustable parameters . 

In Section II we discuss the manner in which fission fragments deposit 

their energy in the mixed gas to yield energetic electrons . Section III 

deals with the partition of the energetic-electron energy among the swarm 

electrons ions and atoms so that the energy input rate to the swarm elec¬ 

trons may be calculated. As shown in Section IV, this energy input rate can 

then be equated with the swarm loss rate to determine the electron tempera¬ 

ture. Computed values of electron temperature for experimental values of 

electron density are reported in Section V. Finally we make some concluding 

remarks in Section VI. 

II. PRODUCTION OF ENERGETIC ELECTRONS BY FISSION FRAGMENTS 

We discuss briefly the general characteristics of the fission-fragment 

ionization process; then we turn to some quantitative energy balance equa¬ 

tions which are appropriate for our purpose . 

(a). General Features of the Fission-Fragment Ionization Process 

When a heavy energetic charged particle (such as an a-particle or fis¬ 

sion fragment) penetrates a noble gas, it loses energy almost entirely by 

excitation and ionization of the gas.10 Of the primary ionizing collisions, 

the most probable are those in which a relatively slow secondary electron is 

2 



ejected with kinetic energy smaller than the ionization potential of the gas.11 

A fraction of the primary ionizing collisions^ however, produce secondary 

electrons of relatively high energy, the so-called S-rays, which produce fur¬ 

ther secondary ionization. Experimentally, the total ionization for single 

noble gases is roughly 3 times the primary ionization;11 and although we do 

not directly require this knowledge for our subsequent analysis, it is instruc¬ 

tive to use this fact to estimate the fraction of the primary ionizing colli¬ 

sions which produce 6-rays, for example, in argon at a pressure of 100 torr. 

Fi'sioning atoms of - U yield fission fragments that at birth are con¬ 

ventionally divided into two median energy groups, viz., light fragments with 

kinetic energy of 98 MeV and mass 95 amu, and heavy fragments with kinetic 

energy of 67 MeV and mass I39 amu.1*' On the average, these fragments leave 

the uranium surface and enter the gas with about one-half their initial kin- 
13 

etic energy, so let us consider for convenience a fragment with energy E. 

of 40 MeV and a mean mass M of II7 amu. The maximum energy € 
me^x 

‘ff 
that this 

Mf f 
E^f which 

ff 

fragment can transfer to a valence electron of mass m it 
e 

corresponds to a maximum electron velocity of twice the fission-fragment 

velocity. With Eff=i,0 MeY, we find eV, (on Ve=l.6xl09cm r-ec'1). For 

the purpose of this simple physical picture, we do not inquire about the 

energy distribution of these 6-rays ; rather we take a mean 6-ray energy of 

around 3OO eV and calculate the number of ion pairs produced by this 6-ray 

for argon at 100 torr. We find that about 9 ion pairs will be produced by 

the 300 eV 6-ray over its range of approximately O.OO7 cm. Thus, since the 

total ionization is roughly 3 times the primary ionization, we conclude that 

for every k primary ionizing collisions of fission fragments with the gas 

atoms, 1 6-ray is produced which gives rise to about 9 ions pairs or about 

2/3 of the total ionization. This is illustrated schematically in Fig. 1. 

(b) . Energy Balance Relationship for Fission Fragments 

The total ionization produced by high energy charged particles in gase 

is generally measured by W, the mean energy expended per ion pair produced 

(eV/ip). W is related to the ionization and excitation losses in the fol¬ 

lowing manner. For an energy EQ absorbed by the gas, there are produced 

(ultimately) singly charged atomic ions at an average energy expenditure 

of E^, Nx excited atoms at an average energy expenditure of Ë and N 
X 1 
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Pig. 1. Schematic of high-energy ionization processes induced by fission 
fragments in argon at 100 torr. About 2/3 of the total ionisa¬ 
tion is caused by the ô-ray. 

subexcitation electrons having average kinetic energy £. That is, 

E 
o 

N. E, 
i i 

+ N E + N, 
XX i 

e. 

We are particularly interested in the value of £ possessed by these subexci¬ 

tation electrons which, in a single gas, lose their energy only via elastic 

collisions . Now by definition, 

W + E 
X 

and it is further convenient to normalize the equation throughout with 

respect to the ionization energy of the gas: 

+ (1) 

This equation has been studied in 

that for the noble gases, the terms on 

detail by Platzman. He showed 

the right hand side of the equation 
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could be evaluated from information that was independent of the absolute 

measurement of W. Thus Eq.(l)was properly verified. Platzman also found 

that the similar electronic configurations of the noble gases lead to terms 

in Eq.(l) which are constant, to within a few percent, for all the noble 

gases. However, Platzman's results are derived for cx-particles and a slight 

correction should be made for fission fragments since the average value of 

W for fission fragments is 9% larger than that for a-particles . UtterbacV 

and Miller1^ have indicated that this larger value of W for fission fragments 

in argon arises mainly from an increase in the ratio x/^ . Thus when W 

and Nx/Ni are adjusted to fission fragments, Platzman's noble-gas constants 

for Eq.(l) become, respectively, 

1.82 ^ 1.06 + (0.53) 0.85 + 0.31. (2) 

Note however that the value given by Platzman for the subexcitation electron 

energy £=0.31 Vi remains unchanged. The quantity ^-= 1.06 exceeds unity 

because of the energy wasted in producing excited ions and multiple charged 

ions. The single average excitation energy £^=0.85 V± is successful here 

for the noble gases because all excited levels lie fairly close to the ioni¬ 

zation limit. 

We see, then, that about 17% of the total energy absorbed to create 

an ion pair is carried away by the electron of average kinetic energy 0.3I 

(i.e., b.9 eV for Ar, 6.5 eV for Ne). This is the average steady-state 

result of the primary and secondary ionization processes discussed in our 

previous section (Fig. l) . Now these subexcitation electrons are produced 

at a constant rate S+ - the ion generation rate - which has been discussed 

in detail in earlier reports S is a function of the density and nature 

of the gas Nq, the uranium fuel load U, the neutron flux ¢, and the tube 

geometry r. It follows that the total production rate of subexcitation energy 

A -3 -1 h in eV cm sec is 
bsx 

£sx = 0.31 Vi(No) S+(No,U,0,r) . (3) 

So far, our discussion has been concerned with single noble gases. Con¬ 

sider now two binary-gas systems, viz., neon mixed with traces of argon where 

«IO-3, and argon mixed with traces of cesium where also -/Q\rJ^10 

The trace gas in each case is so dilute that its direct interaction with 
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fission fragments and Ô-rays can be ignored. Thus Eq.(3) can be used explic¬ 

itly to determine £ for the parent gas of each mixture. However, since 

the two binary-gas systems are Penning-type mixtures ^ ' an additional ion 

production source exists as follows: 

Nem(l6.? eV) + Ar—-Ne + Ar+ (15.8 eV) + e (0.9 eV), 

Arm(ll.6 eV) + Cs ——Ar + Cs+ (3.9 eV) + e (7.7 eV), ^ 

where the superscript m indicates metastable states. Both these reactions 

evidently produce electrons with energy corresponding to the difference 

between the metastable energy of the parent gas Vm(No) and the ionization 

energy of the trace gas Vi(AQ). This difference is very much larger for 

Ar-Cs than for Ne-Ar. Our reaction kinetics code for computing electron 

density in Ne-Ar and in Ar-Cs plasmas already includes the rate at which 

these metastable-ionization reactions proceed,^ and is given as C fajjA^ 

where is the appropriate reaction rate coefficient in cm3sec-*. Thus 

we can write down the production rate £ (eV cnf^sec"^) of electron energy 

from metastable states as 

£ = i V (n ) — V.(a )I c-Jn 1[a 1,. (5) 
om [ mv 0' iv o' ) 15[ mJL oj 

We have, therefox’e, a total electron energy production rate of + Ç .* 
_ Jsx “^m 

In the Ne-Ar system for which we have completed our calculations, this 

energy will be dissipated directly as heat in elastic collisions with the 

swarm electrons, ions and atoms. There will be no appreciable excitation 

loss since the first excitation level of Ar(ll.6 eV) is significantly higher 

than the initial energies of the fast electrons (6.5 eV, O.9 eV). For Ar-Cs, 

much of £+£ will still be dissipated in elastic collisions but it is 

also possible to have excitation of the low-lying cesium states . Since we 

have not yet included this excitation loss, the present temperature results 

for Ar-Cs must be regarded as preliminary. With this in mind, we next dis¬ 

cuss the total elastic energy loss rate of the fast electrons in order to 

estimate the fraction F1 of C and F0 of £ lost to the swarm electrons 
1 •-’sx 2 bm K 

to yield a swarm energy input rate of £ gx+F2 

♦Other possible sources of appreciable electron energy are ionizing colli¬ 
sions between pairs of metastable or excited states, and non-ionising colli¬ 
sions of the second kind between metastable or excited states and slow elec¬ 
trons . However, we see from our previous reaction kinetics work that for our 
conditions, collisions between electrons, metastable and excited states are so 
infrequent that their contribution to the total electron energy rate ? 
can be neglected. sx ‘m 
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UT . ENERGY INPUT RATE TO ELECTRON SWARM 

The energy loss rate by Coulomb collisions of a fast test particle injected 

into a plasma has been discussed in terms of relaxation times by various 

authors1^,1^,2° who have used both the Boltzmann21 and Fokker-Planck22 colli¬ 

sion equations . In the present study involving relatively low degrees of ioni- 

zationLr-n, <10”6)we use electron-electron relaxation times in a simple manner 

to determine approximately the transfer of energy from the fast electrons to 

the electron swarm. ^ 

We note first that we have an ion generation rate S^IO1 ions cm ^sec 

and an electron density n^ 1012cm-3 when our Ne-Ar and Ar-Cs microwave cavi¬ 

ties are filled to a pressure of about 100 torr and operated In a neutron flux 

of IxlO13 neutrons cm'2sec“1. Thus the average lifetime t of an electron, 

defined by t = is-^-lO"4 secs. Now each swarm electron was initially an 

energetic electr§n generated via the processes represented by expressions (3) 

and (5). We show in the succeeding sections that under our conditions an ener¬ 

getic electron rapidly loses its excess energy and becomes a member of the 
-f) -R 

swarm in times , ranging from 10" to 10 secs. Fiurthermorejthe Maxwellian 
last 2*5 

relaxation of swarm electrons by Coulomb self-interaction ' also occurs rap¬ 

idly in times T 10"^ secs for the electron temperatures T — 1000°K and 
® Ç o o 

values of n^lO cm”3 of interest to us. Thus Tav »»Tfast+Tee ’ raeans 

firstly that we can disregard the density of the fast electrons in comparison 

with the density of the swarm electrons since each electron spends essentially 

all its lifetime as a member of the swarm. Secondly, there is no high-energy 

tail to the swarm distribution function since interchange of electron energy 

is sufficiently rapid to preserve a Maxwell-Boltzmann distribution . Evidently 

we can then define the mean electron swarm energy in terms of a swarm tempera¬ 

ture, viz., € = ¿ kT • 

Now if € is the energy of a fast electron from process (3) or (5), then 

its rate of energy loss under the present circumstances may be approximated by 

2rn . 

Ia - nr ea ee (e) f-f (6) 

for where the two terms represent, respectively, energy loss rates 

to the parent gas and to the electron swarm. raean fractional energy 

iNo 
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lost by the electron of mass me in collision with a neutral atom of mass 

%0' veQ( is electron-neutral atom collision frequency for momentum trans¬ 

fer, and £ -£a is the excess electron energy above the ambient kinetic energy 

fa=2kTa 0f the gas at temperature Tq . The quantity vee(6“ ) is the collision 

frequency for appreciable energy transfer between the hot electron and the 

swarm electrons and must be carefully defined as outlined below. For electron- 

neutral atom loss, we have included only the parent gas because the concentra¬ 

tion of trace gas is always so dilute («O.i/o) that its effect in this regard 

may be ignored. Also note that Eq.(6) omits any electron-ion loss since in 

a quasi-neutral plasma (n^n^ the hot electron will lose its energy much more 

efficiently in collisions with electrons than with ions . The reason for this 

-terns not only from the fact that on a hard-sphere collision basis, equal 

particle masses yield maximum energy transfer. More importantly, the fast 

electron loses energy in Coulomb collisions mainly by a large number of dis¬ 

tant collisions (in contrast to close ones) where light target particles such 

as electrons can react more rapidly and take away more energy in a fixed inter¬ 

action time than can the heavy ions. 

The characteristic or relaxation time for a test particle to be slowed 

down through Coulomb collisions with target particles has been defined by 

Chandrasekar who examined in detail the statistics of distant collisions. 

The reciprocal of this characteristic time for reduction of forward velocity 

uj may be regarded as a collision frequency defined by 

d(ai ) _ f , V 
“dt ” ^ vet(* (?) 

Here vet is given as 

0 m 

vet(u;) = 4 * H ^ Pq (1 + In A (8) 

when the singly-charged target particles (sub t) have velocities much less2 

than the velocity a/ possessed by the test particle. The quantity p (= -2_p) 
0 % ^ ¿ 

is a critial impact parameter which physically can be associated with a 900 

deflection; Ais the ratio^of the Debye screening length of the field assembly 

to pQ . If we write ^ me to = 6 where € is in electron-volts, and consider a 

test electron scattered upon an electron swarm at temperature Te, then with 

mt=me=m we obtain numerically 
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vee(uj) = 7.7 X IO’6 ne £-3/2 lnA(Te), 

where A-1.25xl04Te3/yne1/2. However vee(£ )=2vee(u;) since by definition 

but also from I3q.(7) 

äW-- vee(^) ■ fa v8e(w). 

Thus we arrive at the appropriate value for vee( 6) for insertion into Eq.(6), 

viz ., 

= 1.5^ X 10' 
ne ^ 

•3/2 
In 

1.25 X 10 
1/2 

3/2 
sec 

n„ (9) 

where ng is the swarm electron density cm"3 and £ is the fast electron energy 

in eV. Note that since the swarm temperature Tg appears only in the slowly 

varying logarithmic term, ) is only a weak function of Tg . 

With all the terms of Eq.(6) defined, we next integrate the equation 

numerically to determine € for various times t, i.e., 

de 

max 

L (e) + L (6) 
eav ^ ’ eev 

dt (10) 

where L and L are abbreviations for the electron-atom and electron-electron 
60. 66 -- 

losses. E is the larger of fv (N )-V (A )) or O.3I V (N ). Since € is to 
max ¿moioj 10 - e 

be determined and is unknown at this time, a first trial value of c"e must be 

selected. Furthermore it is necessary that £e be always chosen greater than 

f , at least by a small amount; e.g., £ 2 £ +0.001 eV which corresponds to 

about 10°K difference and is well within the accuracy of the calculation. In 

this manner, infinitely long times are avoided since Lea remains finite when the 

energy integrand is taken to its lowest value £= £e whence Lee=0. However, 

with fast electron energies of several eV and electron swarm temperatures of 

tenths of an eV, the energy lost to the swarm is often only slightly influenced 

by the trial value selected for . 

Now with £ = £(t), the energy-dependent collision frequencies vee and vea 
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are also known as functions of time . It follows that the energy lost by 

a fast electron to the electron swarm is 

^fast 

j vee(t) [e(t)-ëe) « 
o 

where t., ^ is the lifetime of the fast electron before it becomes a member 
fast 

of the swarm. Thus from Section II, the total energy input rate to the elec- 
-3 -1 

tron swarm in eV cm sec becomes _ -j r _ i 

Fl£sx + = S*(N0,U,«,rjTvee(t)[f (t). fe]at + C15[n,][A0jr-vee(t)[f (t)- fjdt 

[f(o)=0.°l Vi(N0)] [e(o)=Vm(M0)-V1(Ao)]. . (11) 

IV. ENERGY LOSS RATE OF ELECTRON SWARM 

The electron swarm loses energy primarily by collisions of the electrons 

with the ambient ions and atoms . For our conditions of tube geometry, gas 

pressure, and electron density and temperature, the energy transported to the 

walls of the tube directly by electron diffusion is very much smaller than 
dE 

the energy transferred by the electrons to the atoms and ions.* Thus if - -rr 
“3 -1 

is the total energy loss rate of the electron swarm in eV cm sec , then 
roc ^ 

-1=3¾ +M¡: j<f-êa)vei<e)f(nae . 

0 0 . . (12) 

*The electron energy loss rate from ambipolar diffusion(1?),, approximately 

(i +JzS—)n f Út diff 
e e where Df is the ion diffusion coefficient (=sr2cm2sec"1 at room 

tempefl&ures for neon at 90 torr) andA2("0.04 cm2) is the square of the charac¬ 
teristic diffusion length of our microwave cavity. The temperature results 
shown l§ter in Thble I for a neutron flux IxlO-^cm-^sec“1 indicate TçssjlOOO’ft 
(i.e., Ce^0.13 eV) for T¿ a=50C|OK when ne=lxlOi¿cm"3 . These data yield 

si 2x1o13eV cm”^sec"^ However, we also see from Table I that under 

these1conditions, the input energy to the swarm from expression (3) only £geg- 
lecting metastable-ionization contributions) is (5.39x10 ?)(5.11)=2.75x10 ~eV 
cm-3sec-1 which is over a 1000 times greater than that lost by diffusion. Thus 
we conclude that the sum of volume electron-atom and electron-ion energy losses 
are a factor of more than 1000 greater than the electron energy lost to the 
walls directly by ambipolar diffusion. 
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The first term is the elastic electron-atom loss rate where again the only 

elastic-atom losses that need be taken into account are those to the parent 

atoms of the gas mixture. The second term represents electron-ion losses 

to the dominant ions which, at the higher values of electron or ion density 

n.ÄjlO ’em , are atomic ions of the trace gas A,. When the ion density 

falls to low values (n^ailO cm and the trace gas atomic ion no longer 

dominates so completely over molecular ions N2+ of the parent gas, then ion 

losses are no longer important in comparison with the neutral atom losses 

of the first term. Thus over our regime, the two terms of Eq.(l2) suffice. 

f( £)d€ is the Maxwell-Boltzmann distribution for the number of electrons in 

the swarm cm J with energy in the range £ -»C+df . Occasionally, it is 

convenient to work with the fixed normalized distribution function 

r(f ) -iF(y)1 Lne J 
1 

fee 
can then [~^-]= 2.073 y1/^"^’y where y = because 

be readily determined from the normalized distribution for the selected value 

of £e. Note that Eq.(l2) contains only one kinetic temperature IkT. = £ 
-1- Q. 

for both the ions and atoms since the energy exchange between them is so effi- 

cient. The electron-atom collision frequency for momentum transfer v is 
ea 

that which appeared in Eq.(6) but is now required over a wider range of elec¬ 

tron energies. The electron-ion collision frequency vei is obtained from 

ni 
Fcl*(8), and with m ««m^ becomes 

vel(<f) 3 -86 X 10-^ n. £~3//2 In 1.25 X 10 Tj, 3/2 J 

ni 
T/T (13) 

The integrals of Eq.(l2) cause problems, however, for values of €much 

less than . The integrals diverge as £ —mo which stems from the fact 

that the energy exchange between the electrons and the ions and atoms is 

approximated by using a distribution function for the electrons but an aver¬ 

age energy for the ions and atoms. Accordingly, Eq.(l2) states that electrons 

in the distribution function with values £ ^ £ will gain energy from the 

ions and atoms but at a rate which cannot be determined by the integrands . 

Now although a more rigorous energy exchange formalism is properly required 

to account for the very cold electrons, we can preserve the present simple 

scheme as follows . 

We consider that when thermal equilibrium exists and the electrons are 

at the gas temperature, then 
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«xo 

(f-ta) V(f) F(^-) d6 Éa) v(6)F(^-)de, (1^) 

where v is either vea or vel. Biat is, the energy gained by the colder elec¬ 

trons of the swarm is balanced by the energy lost by the hotter electrons 

of the swarm in the well-behaved integrand €a too©. For Te» T we shall 

still write the electron energy gain as the right hand side of Eq.(l4), 

although, in fact, the error involved by the procedure increases as Te-T 

increases. This, however, is acceptable since when Te-T. q is large andÍ,& 

the electron swarm loses energy rapidly to the ions and atLs, we can neglect 

any electron-gein correction in excess of the gain at equilibrium when 

Te=Ti,a' As ^e_^i,a is Progressively reduced, thereby decreasing the electron 

swarm loss, the electron-gain approximation becomes progressively more accu¬ 

rate as it becomes relatively more important. Thus we rewrite the two terms 

of Eq . (12) as 

Generally we find that a satisfactory upper bound for £=o©is€» 12€e, after 

which further contributions to the integrands become vanishingly small. 

The above energy loss rate of the electron swarm has to equal the energy 

input to the swarm given previously by Eq.(ll). The unknown is the electron 

temperature of the swarm Ce=JkTe . The procedure, then, is that for a given 

experimental value of electron density measured with the microwave cavity we 

select a trial value of Tg, and evaluate expressions (ll) and (15) noting 

that (15) is much more sensitive than (ll) to variations in Te. Thus after 

selecting a second value of Te which brings expression (15) into agreement 

with expression (ll), a second value is computed for expression (ll). Only 
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a few such iterations are required to bring the values of expressions (ll) 

and (15) into agreement with a single value of Te . An electron temperature 

is thus calculated for an experimental value of electron density. 

This essentially completes the scope of the present paper. Further 
-3 5 

studies on predicting electron densities with our reactor kinetics theory '; 

now modified to include the present temperature calculation are mentioned 

in Section VI. 

V. EXAMPLES OF CALCULATIONS AND RESULTS 

(a) Values for Collision Frequencies: We require the electron-neutral 

collision frequency v for momentum transfer in both neon and argon for 
ea 

electron energies 0.026s eV- ®ri-s range has been covered for argon 
Ok 

by Engelhardt and Phelps. ' However, for neon the results of several inves¬ 

tigators have to be combined and we have used the following data . 

Chen2'5 has measured the energy-dependence of the momentum transfer 

cross section Q (O of electrons with neon atoms for very low-energy elec- 
ea 

trons, viz., over the temperature range 200 to 600°K. The experiment involved 

a microwave interferometer to study a decaying neon plasma. The measurements 

yielded a value for Q (if) consistent with the following two-term approxima- 

tion: ! 

Q ea I.07 X IO"17 + 2.I7 X 10"l6£2 cm 

We have used this Q (O expression for electron energies 0.026^6:50-125 eV 
ea 

as shown in Fig. 2. Experimental determinations of Q_ö(6) for higher elec- 

tron energies 0.25-=6^1.0 eV have been reported by Gilardini and Brown1- from 

microwave conductivity measurements in the afterglow of a pulsed discharge; 

their data are also shown in Fig. 2. The uppermost energy range 2<6«7 eV 
27 

in the figure represents the measurements of Ramsauer and Kollath who used 2g 
an electron-beam technique suitable for energies above 1 eV. The solid 

curve of Fig. 2 drawn through the 3 sets of data points indicates the values 

of Q (6) used in the present work. The resultant collision frequency 
68 

ea 
= N Q (5-93 X 10T6¿) sec 

1 
-1 

ea 
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1 lí ahown in Fie. 3 for a neon density N =2.90xlCT cm” (or 90 torr at 300°K), 
0 _1+ 

which ir, the density of the gas in our Ne-Ar cavity (Ar/Ne^lO” ). 

The momentum transfer cross section reported by Engelhardt and Phelps 

for electrons in argon was determined from a numerical solution of the Boltz¬ 

mann equation which incorporated trial momentum transfer and inelastic cross 

sections. These cross sections were then progressively refined by comparing 

various experimental transport coefficients with corresponding theoretical 

coefficients obtained by taking appropriate averages over the distribution 

function. The momentum transfer cross section so determined clearly exhibits 

the Ramsauer minimum as does the derived collision frequency shown in Fig.3. 

The argon density of 3 .22xl0l8cm"3 100 torr at 300°K) is the gas density in 

our Ar-Cs microwave cavity. 

For comparison, Fig. 3 also shows values of v (f) and v . (f ) from Eqs. 

(9) and (13) for charge densities n^n^lO cm"3 and electron swarm tempera¬ 

tures T of around 100C°K. These collision frequencies are directly propor- 
e 

tional to n but depend only weakly upon T via the argument of the loga- 
Q G 

rithmic term. The dashed region of the vee vs £ plot indicates the decreas¬ 

ing validity of the v expression as the energy of the fast electron 

decreases towards the average electron swarm energy. However, much accu¬ 

racy is not required in this very low energy region since energy transfer 

rates here are no more than very small corrections to the overall input 

energy rate to the electron swarm . 

(b) Example of Electron Swarm Energy Gain and Loss Rates: As an 

example of the temperature calculation, we consider some data obtained 

[Ne]= 2 .9OXIO1 

10" and 

ions 

previously for the 7 mm-spacing Ne-Ar microwave cavity withÎArl/L N 
-1 o n ni o Vr j 

' cm . At a neutron flux of 5x10 cm* sec” we commuted from 
I + -õf 1 .. 

our ion generation rate theory a value of S =9-35x10 |Nej= 2.71x10 

cm-3sec at the center of the cavity and a neon metastable density from our 

reaction kinetics theory5 of | Nen^ 1.7xl010cm"::. The electron density deter- 
1 . 11-3 

mined from the change in resonant frequency of the cavity* was 2x10 cm . 

♦For the purpose of the present example we 
which is spatially uniform throughout the 
of ne can be identified with the values of 
ter of the cavity. To correlate properly 
value of ne determined experimentally, we 
dependence of ne over the electric field c 
ing in the lMnpn mode. For full details, 
ceeding report by C. B. Leffert.° 

visualize an electron density 
rat the measured value 
computed for the cen- 
ions with the average 

integrate our computed spatial 
onfiguration of the cavity operat- 
the reader is referred to the sue- 

cavity so t 
S and|N0 

our calcula 
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Also, the average operating temperature of the cavity in this neutron flux 

was about 400¾. These are approximately mid-range values for our experi¬ 

ments which span neutron flux values of about 1010.101^ cm_2sec_1 and elec¬ 

tron densities of about 1010 — 3xl012cm-^. 

A trial value of Tg has to be selected in order to evaluate the energy 

input to the electron swarm given by expression (ll). Our initial guess 

was Tg=600°K(fe=0.078 eV); that is, the electron swarm was taken to be 200°K 

hotter than the ambient ions and atoms (1^ ^=400¾) at the average cavity 

temperature. The final value of Te, after only 1 iteration, was close to 

our initial guess, viz., Te=525 K (6^=0.068 eV), and the final energy loss 

rate curves for the fast electron (discussed below) were essentially unchanged 

from those initially computed . 

Figure 4 stjows (Lee+Lea)“1 in sec/eV versus fwhere the electron-atom 

loss rate Le&= vea(f)| and the electron-electron loss rate 

The area under the curve taken from the maximum fast (f){6 L =v 
66 66 

electron energy ¿f 6.4? eV (0.3I Vi for the Ne-Ar system) to any other energy 

value, say represents the time for the fast electron to lose energy from 

6.47 to eV. Thus we see in Fig. 5 the energy degradation of the fast 

electron as a function of time (right side ordinate). Also shown are the 

energy loss rates to the atoms and swarm electrons as a function of time 

(left side ordinate). Note that the electron-atom loss dominates initially 

but that electron-electron coupling to the swarm takes over after 0.12 usee. 

When f becomes very close to fe, falls precipitously towards zero. How¬ 

ever, since Lea is still finite at f=6e, the height of the peak in Fig. 4 

near £=6 is also finite, 
e 

We can now evaluate expression (ll) by integrating the energy loss 

rates over the lifetime of both the fast electron from fission fragments and 

the fast electron from metastable ionization. The resulting partition of 

energy is shown schematically in Fig. 6. The two terms for the total energy 

input rate to the electron swarm then become respectively: 

F £ 
1 >SX 2 ^m S+(3.49) + C15 [Ka][A0] (0.82) 

9-41 X 1011* + 7.28 X 1013 

1.01 X 10^ eV cm ^ sec"’"'". 

(with C =1.8x10 
frort: ref .16) 
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o 

[Ne] = 2.9 X 1018 cm“3 

ne= 2 X 10^ cm 3 

± 
û 3 4 

£ (eV) 
5 

4. Reciprocal of the sum of electron-electron and electron-atom 
loss rates in neon versus fast electron energy. Area under 
the curve represents the time for fast electron to lose energy 
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Fig. 5* Electron-atom loss rate, electron-electron loss rate, arel 
fast electron energy versus time for neon. 
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Fig . 6. Schematic energy diagram showing the energy lost by the fast 
electrons to the neon gas and to the electron swarm for 
[Ne] = 2.9O X 10 °cm“3 and ne = 2 x 10^cm"3. 
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Note that the contribution to the total energy input rate from the metastable- 

ionization process is only about 77° • While this term is generally small for 

Ne-Ar, it becomes more important for Ar-Cs since the initial electron energy 

is then increased from 0.9 to 7.7 eV (Eq. (4)). 

The energy loss rate (eV cm”3sec ) of the electron swam for any set of 

values ne, Te, TQ can be immediately determined from expression (15) • For 

the purpose of the present analytic discussion we note the following simpli¬ 

fied procedure applicable to Ne-Ar. We find that for electron densities 
12 

«3x10 cm ^ the most important integrands are those containing vea, and this 

means that - —/ne is nearly independent of ne . Thus, the electron swam 

loss rate per electron can be conveniently plotted versus swam temperature 

for a particular value of TQ, and we show typical curves in Fig. 7. Such 

curves once computed can be used in a general sense to read off the values 

of Te which yield swam loss rates equal to the previously detemined swarm 

input rates . It should be emphasized that such a procedure cannot be used 

as conveniently for Ar-Cs since the value of v is so low around the Ramsauer 

minimum that v contributions (which depend on ne) are still important even 

when ne is less than ICj cm-'’. However, there is still no problem in evaluat¬ 

ing expression 0-5) each chosen ne, Te> Ta• 

We complete the present example by noting that the swam energy input rate 

per electron is .^ — =5-1^10^ eV sec" , which is also the swarm energy 

loss rate per electron and therefore from Fig. 7 corresponds to an electron 

temperature of about 525°K for the gas temperature of 400°K. 

(c) Electron Temperature Results: Figure 8 shows the results of three 

temperature calculations for Ne-Ar which span the range of our experimental 

data. As input, we have used values of electron density of 10^°, 2x10^ and 
12 -3 10 11 

10 cm J corresponding respectively to neutron flux values of 10 , 5xL0 
13 -2 -1 

and 10 Jcm sec . The average cavity temperature rose with increasing flux 

and was in the neighborhood of 300> and 500°^ respectively. We see that 

at low flux values, the electrons are essentially in equilibrium with the 

atoms, but as the flux increases, the electron temperature increases faster 

than the ambient temperature reaching a distinctly non-equilibrium value of 

about 1000°K at 0ä#1x1O^ neutrons cnT^sec-'*'. 
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The main reason for this can be extracted from the data shown in Table I. As 

ng increases by a factor of 100, the dominant electron-electron energy coup¬ 

ling into the electron swarm (Column 5) increases by a factor of around four, 

and more importantly, the ion generation rate (or flux) increases by a factor 

of 1000 . Thus the energy input to the swarm has increased by a factor 4000 

which is significantly larger than the increase in the number of electrons 

which share this energy. It is expected, therefore that the electron tempera¬ 

ture will rise with 0 over ohe range of parameters . 

We have performed a similar calculation for the Ar-Cs system with 

Cs] fArl =1° ^ =l-5xl0^cm ^sec ^ (at 0=1x10^ neutrons cnT^sec“'1' and 

Ar] =3.42xl01®cm ^), T SíôOO^, and a selected value for n of 10^cm-^. As 
i j g e 

referred to earlier, no attempt was made here to modify the procedure to 

include the important low-lying excitation and ionization cross sections of 

cesium which are expected to be important energy loss sinks for the fast 

electrons. Thus with elastic losses only, we find that Te=d2200°K or fe»¿0.29eV 

which places the average swarm energy right in the region of the Ramsauer min¬ 

imum (Fig. 3) where the swarm cannot lose its energy very rapidly. However, 

we expect that the inclusion of inelastic cross sections will appreciably 

depress the swarm temperature (at the same time possibly increasing ne) from 

the value given above . 

VI. SIGNIFICANCE OF RESULTS AND FURTHER STUDIES 

The values of Te presented here for gas pressures—^O torr show that 

although a thermal equilibrium approximation T si T. is adequate for the 
® 1 ¿8. 

lower regions of neutron flux 0, such an approximation breaks down for values 

of 0=álO1^cm"2sec"1 where T -T ^500°K for the Ne-Ar system. It is of 
6 X ¿ 8. 

interest to compare this finding with the recent inpile radiometric electron- 

temperature measurements of Bhattacharya, Verdeyen, Adler and Goldstein. 

For a radiation-induced plasma in pure neon, these authors report that at 

p=60 torr, T =800°K, but for p=90 torr, 1-^437¾. Values of T at higher 

pressures could not be determined because of background microwave noise prob¬ 

lems but Tg was considered to be ^525¾ and essentially at the gas tempera¬ 

ture, i.e., independent of reactor power. However, it is difficult to draw a 

close comparison between these results and our own because these workers did 
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not measure directly or calculate their value of ionization rate S . Further¬ 

more, the experimental conditions were importantly different. In the Univer¬ 

sity of Illinois study, the gas ionization resulted from high-energy electrons 

produced mainly by ^-photons from a reactor pulsed to peak powers — 250 MW 

and so S+ depended not only on the gas but also on the nature of the container 

walls. Even so, we note that a reactor power pulse which is —100 times that 

used in our steady-state study (2 MW) would tend to bring the y-ionization 

source up to the level of our fission fragment source (our S+(fission fragments)/ 

S+(7) is—100) which may account for the similarity between the Illinois tem¬ 

perature data at 60 torr and the present results at 90 torr. However, much 

more information regarding the detailed nature and energy balance of the pri¬ 

mary ionization processes is required for the experiments of Bhattacharya et al ., 

before meaningful electron temperature calculations from first principles can 

be undertaken for their experimental conditions . 

The increase in the non-equilibrium value of Te with 0 is important to us 

from the standpoint of our reaction kinetics equations^ for predicting elec- 
7 

tron densities. In the previous report by C. B. Leffert,1 which was primarily 

a study of matching the reaction kinetics equations to the experimental Ar-Cs 
4* “H 

data by postulating the existence of ArCs , it was found not only that ArCs 

was an unlikely cause of discrepancy between theory and experiment, but also 

that an elevated electron temperature appeared to be a necessary condition for 

good agreement since the role of collisional-radiative recombination needed to 

be reduced by a factor of about 10. Thus with the present results of elevated 

electron temperature we expect better agreement between theory and experiment 

in Ar-Cs . 

With respect to the results on Ne-Ar reported here, we emphasize that 

experimental values of electron density were used as input to the equations 

that yielded values for Te. In this manner, the elevation of Te above ambient 

was first clearly established. However, we can now remove this mix of experi¬ 

ment and theory and, from first principles, calculate an average electron 

density for comparison with experiment. A program for the simultaneous solu¬ 

tion of n and T at a point in the plasma (written in FORTRAN VI for the IM 
e e 

709^ computer) is used to compute the radial dependence of electron density 

in the cavity. With an additional computer program and using well-known 

microwave theory, the electron density is then averaged over the square of the 

electric field in the cavity to yield computed values (with no adjustable param¬ 

eters) that can be compared directly with the values of ne determined from 

Inplle experiments. The results of these studies are reported by C. B. Leffert 

in the following report. 
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SECTION C 

ELECTRON DENSITIES IN FISSION-FRAGMENT-INDUCED 

PLASMAS IN MICROWAVE CAVITIES 

ABSTRACT 

The ion generation rate theory, the reaction kinetics theory and the non- 

equilibrium temperature theory for a noble gas plasma ionized by fission 

fragments are combined here in a single theory for predicting from first 

principles the electron density at a point in the plasma using digital com¬ 

puter techniques. The ion generation rate in the plasma is computed from 

known constants of the fission fragments and gases . The reaction kinetics 

theory for a binary Penning-type gas plasma and the non-equilibrium electron 

temperature theory are incorporated into a digital computer scheme which 

computes a self-consistent electron density-electron temperature pair (n ,T ) 

for a point in the plasma. The radial dependence of the electron density in 

a microwave cavity is obtained using input values of the ion generation rate 

as computed from the fission fragment flux penetrating the gas at various 

points within the cavity. Finally, with this radial dependence of ng, and 

the known spatial dependence of the microwave field probing the plasma, an 

integrating computer code is used to obtain a value of the electron density 

averaged over the square of the electric field <n > for direct comparison 
e av 

with the inpile measured values from the Ne-Ar and Ar-Cs microwave cavities . 

The values of <ne>av for the Ne-Ar cavity ( [Ar] / [Ne! =10-4), computed with no 

adjustable parameters, agreed well (within +20%) with the inpile microwave 

measurements over the complete range of neutron flux studied (lO1OS0«lO13cm-2sec"]). 

Also the electron swarm temperature in Ne-Ar was found to be as much as a fac¬ 

tor of two higher than the gas temperature at the higher values of the neutron 

flux (<t>—<1.5x10 cm sec ). This non-equilibrium condition explains in large 

part the experimental insensitivity of the electron density in Ne-Ar to varia¬ 

tions in the average gas temperature. The computed values for argon-cesium 

agreed well with the inpile microwave data for low values of [Cs| / [ArJ (=m10-^) 

but the computed values were much too high for higher cesium atom concentra¬ 

tions ( |Cs] / (Ar];5 5x10 ) . Biis behavior was expected since the theory does 

not, as yet, include terms necessary to account for inelastic collisions of hot 

electrons with the easily excited cesium atoms . Modifications to the codes are 

outlined to take into account the inelastic collisions. 
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OBJECT 

The first objective for these studies was to use digital computer tech¬ 

niques to incorporate into one overall computational scheme our theories for 

(a) ion generation rate, (b) reaction kinetics, (c) non-equilibrium electron 

temperature, and (d) the existing theory for resonant microwave cavity response 

so that the electron density in our fission-fragment-generated noble-gas 

plasmas could be predicted from first principles. The second objective was 

to compare the predicted electron densities to the experimental values meas¬ 

ured in the reactor with our Ne-Ar and Ar-Cs filled microwave cavities . 

CONCLUSIONS 

CCMPARISON OF THEORY AND EXPERIMENT 

1 Theoretical values of the average electron density ^n for the Ne-Ar 

cavity ([Arj/jNej=10" ), computed with no adjustable parameters, were in 

excellent agreement (within +20%) with the inpile microwave measurements 

•1nl^ -2 -Is 
;lo cm sec ). over the complete range of neutron flux studied (lO1O^0; 

The electron swarm temperature in Ne-Ar was found to be as much as a factor 

of two higher than the gas temperature at the higher values of the neutron 

flux, and this non-equilibrium condition explains in large part the experi¬ 

mental insensitivity of the electron density in Ne-Ar to variations in the 

average gas temperature . 

The computed values of average electron density <n for the Ar-Cs cavitv 
o av ' •' 

agreed well with the inpile microwave measurements at the lowest value of 

[Cs /Ar (^10 °) but the computed values were much too high for higher 

cesium atom concentrations ([cs]/[Ar] - 5xlO'6) because the theory does 

not, as yet, include terms necessary to account for inelastic collisions 

of hot electrons with the easily excited cesium atoms . 

CCMFUTER TECHNIQUES 

4. The simultaneous solution of the reaction kinetics theory (n =n (T )) and 

the electron temperature theory (Tç=Te(ne))was successfully accomplished 

with an iteration procedure operating on computer codes for each to con¬ 

verge on a self-consistent value for the (n^Tj pair. Tie FORTRAN-IV 

program for this code required about 23,000 cells of core storage (lIM 7094) 

1 



but the running time was quite short, viz., about 1 minute for a problem 

needing 11 solutions for (n ,T ). 
' e* e7 

r; . The radial dependence of the electron density in the microwave cavity was 

computed and coupled with the known spatial dependence of the microwave 

field to obtain the electron density averaged over the square of the elec- 

tric r for direct comparison with measured values from the inpile 

microwave cavities . 
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LIST OF SYMBOLS 

FORTRAN NAME DESCRIPTION - 

Phvr.ienl Constants 

c 

e 

e0 
k 

m 

KC 

Q 

KP 

KB 

ME 

8 1 
Speed of light, 2.99793x10 m sec 

-19 
Charge of electron, 1.60210x10 Coulomb 

-12 -1 
Permittivity of free space, 8.8540x10 farad m 

- ] 
Boltzmann constant, 1.3004x10 ' joule °K 

Ma£ of electron, 9>1084x10 
-71 ko- 

- 2 
Number Densities in Units of cm 

Generalized^(with subscripts ) : 

Neutral atom of major specie: N 

N 

N„ 

2+ 

m 

2+ 

NO 

AO 

X(l) 

X(2) 

X(3) 
x(4) 

X(5) 
x(6) 

x(t) 

Cs, 

Neutral atoms of minor species 

Electrons 

Atomic ion of major species 

Molecular ion of major species 

Excited state of major species 

Metastable state of major specie: 

Atomic ion of minor species 

Molecular ion of minor species 

Excited state of minor species 

fCsj in equilibrium in bath 

Specific ('With 
superscripts ) : 

Ne or [Ne] ,Ar 

Ar, Cs 

Ne , Ar 

Ar 2 

Ar* 

Ne+, 

Ne*, 

Nem, Ar 

Ar" , 

^2’ 

Ar*, Cs 

m 

Po + 
uso 

Dimension: 

L 

V 

t 

T 

D 

RH01 

RH 02 

LAM 

TEL 

TAUX 

Height of right circular cylindrical cavity, cm 

Radius of uranium foil, cm 

Radius of right circular cylindrical cavity, cm 

Characteristic diffusion length of cavity, cm 
2 t 

Volume of cavity, np0'“j cm 1 d. 

Time, sec 

Decay time, sec 

Nuclear Constants 

A A 

M M 

R1. RR1(J) 

Lf SIGMA 

Atomic mass, kg 

Molecular weight, kg 

Range of fission fragments in fissile fuel cm(QOC Code) 

-1 ' 
Macroscopic fission cross section, cm 



n^BOL^^FORTO/J.' NAME 

Gas Constants 

mXÍTI MÃSNO 

M(Ao) 

Q 

DESCRIPTION 

ea 

V. 
i 

V. (N ) 
1 O 

V 
m 

V (N ) 
mv o 

D 
e 

D 
m 

D 
E 

vr 
K 
a, J 

a, j 

K 

MASAO 

QE(I) 

VINO 

VIAO 

VMNO 

MUEL 

MUI ON 

DP 

DA 

K(J) 

KM 

Molecular weight of N^, kg 

Molecular weight of A^, kg 
Electron-neutral atom momentum - transfer crot 

Ionization potential, eV 

Ionization potential of NQ,eV 

Ionization potential of AQ,eV 

Energy level of metastable states, eV 

Energy level of Nm,eV 

section, cm 

sec 2 ., ,-1 
Mobility of electrons, cm volt 

2 ^-1 -1 
Mobility of ions, cm volt sec 

2 -1 
Diffusion coefficient of electrons, cm sec 

2 -1 
Diffusion coefficient of ions, cm sec 

2 —1 
Diffusion coefficient of metastable states cm sec 

2-1 
Ambipolar diffusion coefficient cm sec 

Ambipolar diffusion coefficient of ion J, cm sec 

efficient 
wi n-*-"'om- 

at unit 

(n =2.69xlOxycm-3)xD ,cm 
^ a, j 

density of ion J 

” sec-1 

m 

Diffusion coe 

i 
o 

Diffusion coefficient at unit density of Nm 

= n X D , cm“l sec~l 
n nr 

C! 0(1) 
to to 

C22 C(22) 

Variables 
Independent : 

P 

4> XF 

n XP 

TB 

Laj 

Semi-independent : 

T 

■^ga^ av 

Reaction rate coefficients defined in Refs.(2) and 

(5); 2-body, cmSsec-1; 3-body, cir^sec"1, and input 
values are X 1010 with scaling factor of 10“1, in code . 

Reactor power, MW 
-2 -1 

Neutron flux, cm sec 

Pressure of gas^torr 

Temperature of uranium side of cavity, °K 

Temperature of cesium bath, °K (Cav.l6) 

Microwave frequency (angular) of probing signal,rad sec 

Temperature of Kovar side of cavity, °K 

Average temperature of gas in cavity, °K =(Ty+Tjr)/2 

Resonant frequency (vacuum) of cavity cps 

4 



SYMBOL FORTRAN NAME DEE CRIPTE ON 

Variables 
Eemi-independent (continued): 

Electric field distribution within cavity, volt/cm 
-3-1 

C Source rate of N, ions from fission fragments,cm ~sec 

S Source rate of N* excited states directly from fission 

fragments, cm-J 

m 

S1 

T 

S(l) 

S(2) 

S(3) 

TOAS 

sec 

mei tastable states directly from fis- 

S+/Nn, cm" 

Source rate of N^ 

sion fragments, cm~3Sec 

-1 
•o' cm 

S. /Nq, cm'1 

S /N , cm-1 

S^P, cm'1 MW-1 

Gas temperature input to code, °K 

Dependent: (CW8 Code) 

ï TESWRM 
e 

TSWMiG 

TELI 

Temperature of electron swarm, ¾ 

Temperature code input first guess 

Temperature code argument to TELECT subroutine 

T+,Ti 

ea 

ee 

ei 

g 

es 

EEL 

EGS 

ESM 

f (FF) EMAX 
^ max 

f (Pen) IMID 
max' 

Temperature of ions, °K 

Electron collision frequency with neutral atoms,sec” 

Electron collision frequency with swarm electrons,sec 

Electron collision frequency with ions, sec 

Averaged electron collision frequency, sec" ,see Eq.(27) 

Electron energy, eV 

Average energy of neutral atoms, eV 

Average energy of electron swarm 

Initial energy of energetic electron from a fission 

fragment, eV 

Initial energy of energetic electron from Penning 

ionization, eV 

(é-**)/ 6 yinf 
c S 

Sfc' DELTR 

Ç , EMIN 
r min 

At DELE 
N( Af )x NSTEP1 

N(A€)2 NSTEP2 

Minimum "infinite energy" (input)(^12) 

Lower cut-off energy differential (input) for decaying 

energetic electron viz., 

= (€ + SO 

Electron energy increment, eV (input) 

Number of electron energy increments (first integrals) 

Number of electron energy increments (second integrals) 
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SYMBOL FORTRAN NAME DESCRIPTION 

f 

F(y) 

y 

É 
_max 

FUNY (YEL) 

m 

SOURCE 

LSTLOS 

Dependent : (CW9 Code) 

Lf 
f 

A 'a* 

J 
A. 

3'ï 
X 
/m 

DELFRQ 

FRQ 

Kl 

K3 
K 

Maxwell-Boltzmann distribution function Eq.(l3) 

See Eq.(l)+) 

h / es 0r ^ e'g 

See Eq. (3), = CEI x LEELOS + CE2 x LEMLOS 

Sec Eq .(17) = LSNLOS + LSILOS 

Shift in resonant frequency, cps 

- Íq ; shifted resonant frequency, cps 

= 2¡i f , sec'" 
0 ï 

= 2n Af ^ sec 

Bessel functions of integer order 

derivative of J (see Eq.(yi)) 

roots of Bessel functions, see Eqs.(5l) and (52) 

See Eq.(59) 

See Eq . (60) 

See Eq.(61) 

Other CW8 Input Variables 

NITS 

ÔT DIFCON 

PRCNTC 

C0NV1 

EKM 

EI6 

E21 

L 

MRPT 

MORE 

Other CW9 Input Variables 
im 
LB 

m MB 
n NB 

Iteration limit on TELECT inner iteration 

Iteration limit on CW8 outer iteration 

Convergence criterion on T , °K 
e 

Convergence criterion 8T/Te 

Convergence criterion on )/SOURCE 

See Eq.(85) 

See Eq .(83) 

See Eq.(84) 

Control vector for T/IBX interpolation subroutine 

See section A-III Appendix A 

See section A-II Appendix A 

= 1, IE-mode; = 2, IM-mode. 

mode designation (see section III A.2) 
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Í'YM BOI FORTRAN NAME DESCRimON 

NE TP.". Number af fiz incremente 

NCTPR Number of [_r incremente 

NCR 

NFR 

EPSB 

PRNT1 

NSMORE 

DIFFRN 

MORE 

See sections B-IV and B-V, Appendix B 
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I. INTRODUCTION 

In previous computations of the electron density (n ) in fini.ion- 

fragment-generated plasmas in microwave cavities we have assumed: (l) that 

the electron temperature (T ) was equal to the gas temperature (T ) in the 
e 6 

plasma; and, (2) that the electron density was uniform throughout the volume 

of the microwave cavity. 'To date the agreement of our theory (which con- 

tains no adjustable parameters)3 with the inpile microwave measurements of 

electron density has been rather good but we wished to extend our theory to 

take into accoiint the possible elevation of the electron temperature and 

spatial variation of the electron density within the cavity. 

Recent computations from energy balance considerations by Rees have shown 

that the electron temperature can be appreciably higher than the gas tempera¬ 

ture depending upon the ion generation rate and the electron density. How¬ 

ever our reaction kinetics studies had already shown that the electron den¬ 

sity was not only strongly dependent on the ion generation rate, but was also 

a sensitive function of the electron temperature particularly via collisional- 

radiative recombination (which varies as so that now we have an implic¬ 

it dependence of ne on Te and neither can be computed directly. An iterative 

procedure is needed to solve simultaneously the electron temperature and reac¬ 

tion kinetics equations to find a consistent (ne,Te) pair and this can usually 

be done conveniently with a computer. Section II of this report will des¬ 

cribe such a computer code (hereafter called the "Electron Density-Temperature 

Code (CW8)" ) for calculating the (n ,T ) pair at a point in the plasma. 
e e 

This first code consists of two main subroutines: (l) the "Electron 
5 

Density Subroutine", a modification of the previous "Reaction Kinetics I Code", 

which computes n given T : and (2) the new "Electron Temperature Subroutine" 
6 G 

which computes T given n . The physics and methol of computation for this 
e e ^ 

second subroutine have been described earlier. The Electron Temperature Sub¬ 

routine, itself, requires an iterative procedure to balance the energy input 

and output to the electron swarm, and the Electron Density Subroutine also 

uses iterative procedures to solve the N simultaneous equations for the reac¬ 

tion kinetics continuity equations . 

This scheme is represented by the center block of Fig. 1. The first block 

of Fig. 1 represents the computations which make use of our "Ion Generation 
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Rate Code (QOO)" to prepare the input data to the Electron Density-Temperature 

Code (CW8). 

The second major computer code discussed here is represented by the last 

block in Fie. 1, the "Resonant Frequency Shift Code (CW9)" • This program 

relates the output from the Electron Density-Temperature Code to the change 

in resonant frequency of the microwave cavity. We note that the Electron 

Density - Temperature Code computes the (n^Tj pair at a point in the 

plasma. However, our inpile measurements of the resonant frequency shift of 

the cavity respond to an integral average of the electron density over the 

square of the electric field throughout the volume of the cavity. Thi; effect 

is well known"1 and the computations necessary for its evaluation are straight¬ 

forward -that is, providing the variation of ne(r) is available. Thus wiih 

our theory for the generation rate of ions in gases by fission fragments 

(Code QOO in Fig. l)^,° we first calculate the source rate of ions at each 

point in the cavity. Then with the Electron Density-Temperature Code we 

compute the electron density at each point in the cavity. Finally we com¬ 

pute the resonant frequency shift of the cavity (last block in Fig. l) for 

direct comparison with the experimental measurements . This final Resonance 

Frequency Shift Code (CWQ)" is discussed in Section III of the report. 

The assembly of computer codes shown in Fig. 1 embrace much of our theory 

developed to date for our nuclear generated plasmas and thus most of the phys¬ 

ics contained in these codes has been described in other reports. The empha¬ 

sis here will be on the computer techniques used to solve the equations for 

the two new programs, and those techniques needed to tie together all of uhe 

codes to predict the resonant frequency characteristics of our inpile micro- 

wave cavity. Symbols and FORTRAN names for the equation variables are listed 

in a table at the beginning of the report. Listings and other program details 

are presented in Appendix A for the Electron Density-Temperature Code and in 

Appendix B for the Resonant Frequency Shift Code. 

Finally this complex of computer codes was used to analyze all of our 

inpile microwave data on the neon-argon system and part of the data on the 

argon-cesium system and the results are presented in Section IV of this report 

9 



TH
EO

R
ET

IC
AL
 E

LE
C

TR
O

N
 D

E
N

S
IT

IE
S
 

FO
R 

M
IC

R
O

W
A

V
E
 E

X
P

E
R

IM
E

N
TS

 

UJ 

c 1 
<u o o 
-p -H in 
01 -P O 
£ CO -P 
cO P Ë P 0) 
CO C cfl 
A CD 

hû =H 
o 

c 
O <D 

CD 

CO 
•P 

w 
C 

oj 
CD 
u 

Vi (D O 
P rC p< 
•o -P 
to 
K) ui 

0) 
0 P> to 
K p CD 

ÇL, p> 

• B .p 
O to 

CD 
P 

ÛJ U) P, 
-P 

p c c.) 
oi x: 

ai rt P 
f : <D 
P p p 
CO 3 43 

r-C (It *P 
Pi cO > 

D 
W £ « 
cd to 
MtrH 

P 
o 

cd oo 
D P 

c to 
CD C 
£ cd 
cd 
to c 
c 
p 

° P P 

w Ë P 
D O -P 

■P P p 
tO Oh P 

W O 
P 

P P 
O (/1 
•P 
fp 
5 

w 
P to 
p 
cd oi 

p 
cd 
P 
CD 

O 
•H 

•'i p p( 
ai :• e 
to cb 
O Ü 4' 
Ö o 

•H tO 
U P c 
cd cd cd 
p p 
,01 po >, 
(¾ p-( p 
Ë B *P 
o o w 
c ; o tí 

01 
P W to 
O *H 

P c 
>s P 0 

U ß p 
o p 

cd cu -p 
p to H > 
oi oi oi cd 

■p o. o 
p f ^ 

01 01 
01 01 p > 
P p cd cd 
eo cd p S 

too 
•H 
pL, 

10 



II . ELECTRON DENSITY-TMPERATURE CODE (CW8) 

As pointed out in the introduction, the Electron Density-Temperature 

Code (CW8) consists of two main subroutines: l) the Electron Density Sub¬ 

routine (NONLIN) and 2) the Electron Temperature Subroutine (TELECT). This 

code also involves an important main control program and a number of subrou¬ 

tines of lesser importance. A block diagram of the Electron Density-Ifempera- 

ture Code is shown in Fig . 2. The Electron Density Subroutine is made up of 

a number of other subroutines which had been written for the previous Beaction 

Kinetice Code.- Only minor modifications were needed to make this set of sub¬ 

routines into one unit with the subroutine calling name of NONLIN. The new 

elements of the Electron Density-Temperature Code are the Electron Tempera¬ 

ture Subroutine and the Main Control Program which will be described in detail 

in this section. 

The Electron Temperature Subroutine will be described first, then the 

modifications to the Reaction Kinetics Code to make it into an Electron Den¬ 

sity Subroutine, and finally the Main Control Program which uses these two sub¬ 

routines to find the (ne,Te) pair. 

A. Electron Temperature Theory 

In the fission fragment ionization of noble gases most of the electrons 

are produced with energy less than the excitation energy of the noble gases 

but appreciably higher than the average energy of the swarm electrons that 

make up the plasma. As the energetic electrons are "thermalized" by elastic 

collisions, much of the excess energy is lost to neutral atoms but an appreci¬ 

able fraction is transferred via Coulomb collisions directly to the electron 

swarm. This latter process produces a non-equilibrium state in which the 

electron swarm is heated to a "temperature" higher than the "temperature" of 

the ambient neutral atoms and ions . The physics of the various possible 

energy transfer collisions has been investigated by Rees^ who developed a 

theory to predict this non-equilibrium electron temperature from the steady- 

state ion generation rate, the electron density and other parameters of the 

gas . A summary of the method of calculation is presented below and the reader 

is referred to Reference (4) for a more detailed discussion. The symbols are 

defined in the List of Symbols at the beginning of this report. 
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1. Input ■ Consider a gas mixture comprising N0 major and A0 minor atom 

densities at total pressure p and temperature T and subjected to a fission 
S 

fragment flux which produces an ion generation rate . Suppose that we have 

already determined the density of electrons ng and metastable states Nm. 

Characteristics of the gas are the mass of the atoms of the major species M(No) 

and the minor species M(Aq) and their first ionization potentials Vi(N+) and 

Vi(A+). The metastatic level of the major species (V^) and the Penning ioniza¬ 

tion reaction rate (Cir) with the neutral atom of minor species are also 
lp 

needed. Assuming separate Maxwell-Boltzmann distributions we can express the 

average energy of the gas atoms and swarm electrons in terms of their tempera¬ 

tures or 

£ = 3/2 kT /e (l) 
g ë' 

fes ' 3/2 kVe ' (2) 

It is this last value, C , that we wish to calculate. We shall calculate C 

in an energy balance that sets the gain in energy of the electron swarm from 

the energetic electrons equal to the loss of energy of the electron swarm to 

the neutral gas atoms and ions . 

2. Production Rate of Excess Energy. The total production rate of excess 

electron energy (E ) which would be available to heat the electron swarm is 
TT13.X 

given by the sum of the electron energy production rate from the fission frag¬ 

ments and the electron energy production rate via the Penning ionization from 

the metastable states . 

É 
max 

0.30 V.(N+) S-.N + C. c N A 
1 o 15 m 0 

(3) 

As the energetic electrons "thermalize" and lose this excess energy, part is 

lost to the neutral atoms and part(which we wish to find) is lost to the elec¬ 

tron swarm. The distribution of these two losses, however, varies with the 

electron energy (€). 

3. Energy Loss Rate Energetic Electrons to Gas and Electron Swarm. 

The energy loss rate of an energetic electron (d£/lt) is given in terms of 

its energy (£,eV) and collision rates with the neutral atoms (vea) anc^ 

* In this model any energy loss in inelastic collisions is neglected ■ This is 

a valid approximation for neon-argon but not for argon-cesium where £max(FF) 

=■ O.3O ViOí^ViÍA^. 
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and electrons of the swarm (v 
ee 

) as 

where 

de 
dt = - Lea (f • - L< f LJ 

2 m 

Leait',fg> = (MirT) ''ea'fXe-^ ) 

CO 

(5) 

and 
LeJf. = '’»»(Ote-c.j . ee (6) 

The collision rate with the neutrals is expressed n terms of the electron 

velocity v(f ), cm/sec=5 .93xl07/^ and the cross section for momentum trans- 

far Qea(€ ),cm2 as 

vea = 5-93 X 10VT Qea(f ) N (7) 

The collision frequency for Coulomb scattering of the energetic electrons on 

the swarm electrons is expressed in terms of the electron density and swarm 

temperature (T ) as 
es1 

vee = 1*51+ x 1°*5 n £"3//2ln 
1.25 X 10k Te 

rw~ 

3/2 

(8) 

——BnerGy Gain of the Electron Swam. Using Eq.(4) we can compute the 

energy versus time profile of a decaying electron. 

t( 6 ) JLL 
L ( f') + L ( f ’) eav ^ ' oo' t > ee (9) 

■max 

Now that we have £= £(t) in Eq.(9), we can compute individually the total 

energy gain of the electron swarm from the energetic fission fragment elec¬ 

trons ( *30 Vi(N+) and from the energetic Penning electrons 

(emax(Pen)=VJNJ-V<(AJ* m m iv +' 

1U 



t(fj 

êGS(fe5)=ElNo / + / vM(t-)(f(t')-ê„Jdt' (10) ee 15 m o / ee 

t(r (ff)) 
"•max' 

t(f (Pen)) 
max' 

3. Energy Loss of the Electron Swarm ■ The electrons of the swarm 

exchange energy predominantly with the neutral atoms and ions* — according 

to the expression 

00 

2m 

(f-f)vea(0f(O« o (H77îy (f-f>0lK)f(O'if (11) 

where we have set the average energy of the ions (£\ ) equal to that of the 

gas (£ ) and have taken the ion mass equal to that of the minor species (A ) 
S 

which is in accord with the results from our previous Reaction Kinetics 

2 
studies where we found the atomic ion of the minor gas species to be the pre¬ 

dominant ion in the plasma for the conditions of interest to us . The electron 

ion collision frequency is given by 

ei 
3.86 X 10 

-6 
n€ 
e 

■8/2 , )+ 
In (1.25x10 T 

3/2, 1/2 
/ ). (12) 

Now the average energy of the electron swarm is contained in the distribution 

function of f(£) where f(£)d£ is the total number of electrons in the swarm 
O ^ 

per crrr with energy between if and (r+dc , that is 

f(0 

n 
e 

t es 

(LlW) 
n 
e 

F ( y ) 

fes’ 

(18) 

where F(y) 2.078 y 
.1/2 -8/2y , 

and £ a. (ih) 

If the average swarm temperature is greater than the average gar. temperature 

in Eq.(ll), that is (£^ »£ ) , then E ,-= 0 and the swarm loses energy to the 

neutral atoms and ions.. If f , É =0 which means the sum of the integrals 
v es g s 

from £=0 to £ equals the sum of the integrals from £"t to 00. 
—... s 
* Again, inelastic collisions are neglected and, of course, we are deliberately 

excluding the gain term from the energetic electrons . 
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Now to solve Eq.(ll) we must make en approximation which takes advantage of 

this last fact. Because of our limited knowledge of interaction rates and 

aistribution functions at very low electron energies, our expressions for 

these cause the integrals in Eq.(ll) to diverge as^-^O. We can always 

break up the integrals in Eq.(ll) as 

.00 00 

z(OdC =y z(Odt + 
■g 

z(t)dC (15) 

where Z(0 represents one of the integrands in Eq.(ll). 

^611 ^es^^g We have no trouble integrating the first integral on the 

right hand side of (15). Now we claim that, when for the swarm t -f +Af 
GS ^ 

because of the gain of energy from the energetic electrons, the gain of 

energy of the swarm from the neutrals and ions (last term on right hand 

side of Eq.(l5) with p(y) centered on y=f/ie3) can be approximated by the 

gain of energy of the swarm from the neutrals and ions where ^ ^ =0. However 

when £6=0, the last term on right hand side of Eq.(l5) equals the negative 

of the first term with F(y) centered on y=Ç/f . Our approximation is then 
S 

00 ÙO oc 

z(y=6/6es)d^ - / z(y^'/6es)di - / z(y=f/f )df 

6=0 6 =6, £=6, 
g 

(16) 

Using this approximation in Eq.(ll) we have finally for the loss rate of the 

electron swarm (using expressions (5), (l2) and (l4) 

ow 

^LS^es^ 
n L (f) 
e eavc 7 

6=6 

F(y "f/fes) p(y = t/ëj 
_Í5 

■ es ■g 
d6 

g 

o- 

2m 

ne(MTO) Vei(£)(£-£g) 

6=6 

F(y = 6/6es) F(y = 6/6g) 

■ es 

d6 

(I?) 

g 
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Now the problem Is to find a value of the average electron swarm energy 6 
6S 

such that the gain in energy by the electron swarm from the energetic elec¬ 

tion^ in Eq.(io) is balanced by the loss in energy of the electron swarm to 

the neutral atoms and ions in Eq.fiy) or 

^GS ^es^ + \s ^es' = °. (10) 

Having solved this set of equations the temperature of the electron swarm 

is then 

Te = 2/3fese/k. (19) 

In general, neither Eq.(lO) nor (ly) can be solved analytically because the 

electron-neutral atom cross sections (Qe ) cannot be expressed readily in 

analytic form. Numerical (or graphical) techniques must be used for those 

integrals involving tabular functions and for rapid solution of such problems 

digital computer techniques are particularly well suited . 

-Ll_Applicability of Model to Microwave Experiments . In the theory just 

described we compute the electron temperature for a point in the gas from an 

energy talance on volume processes taking place in the close neighborhood of 

the point. That is, we assume the mean free paths of the energy sharing par¬ 

ticles are much smaller than the dimensions of the cavity and we also assume 

that there is no transport of energy via grad T . We intend to use this 

theory to help us predict the distribution of electron density within our 

microwave cavity so we now examine the limits of validity of these assump¬ 

tions for the actual cavity tested . 

The microwave cavity was a right circular cylinder of radius p2=1.136 cm 

and height d=0.70 cm. First we consider electron diffusion to the walls of 

the cavity. The axial diffusion length A^d/n-0.223 cm and the radial dif¬ 

fusion length Ap=p2/2*1+=0-J+73' The total diffusion length /^(1//^=1/^+1/^) 

is 0.202 cm. We see that of those electrons lost by diffusion, most are lost 

in the axial direction since „A ^/\ ¿1 * Electrons in neighborhoods separated 

by distances of order /)=0.202 cm along the radius are therefore effectively 

decoupled from diffusion mixing. When volume recombination losses become 

large, as they are expected to be in many cases, the lifetime of the electrons 
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becomes much shorter and this further localizes the effects of diffusion. The 

relative rates of electron loss by diffusion and volume recombination will 

depend upon many other factors, including the electron temperature, and these 

effects are accounted for in the reaction kinetics equations . 

We know from previous computations7that the ion generation rate (s) is 

fairly uniform in the direction of the axis of such a tube but does decrease 

radially because at a point in the gas the solid angle of the uranium foil, 

of finite diameter (p1<p2), decret.ses with increasing radius. Diffusion is 

negligible in the radial direction so that the electron density can be computed 

at points along the radius of the tube using the reaction kinetics theory and 

the computed ion generation rate at that point on the radius . We must now 

decide whether a specific electron swarm temperature can be assigned to each 

of these points along the radius. 

Besides the energy losses directly to the atoms and ions in the neighbor¬ 

hood of a point, the excess energy of an electron swarm can be transported 

away via Coulomb collisions (grad Tg) as well as by mass transport (grad n ). 

We have already decided that (grad nj is small in the radial direction sq6 

the question of whether a specific electron swarm temperature can be assigned 

to each point along the radius depends upon whether a significant fraction 

of the excess of the electron swarm energy (over the gas temperature) is lost 

by Coulomb collision to the electrons of adjacent neighborhoods rather than 

to the nearest neutral atoms and ions . We can answer this question immediately 

from the boundary conditions on the plasma. 

We have seen that the energetic electrons lofae their energy to the swarm 

and to the ambient neutral atoms in times (t-*10"8 sec) very short compared 

to the lifetime of an average swarm electron (t^ 10"1+sec ) .^ Therefore an 

electron swarm of unit volume must lose energy at a rate equal to the input 

rate from the energetic electrons which is of the order of the ion generation 

rate (s) times the energy of the energetic electrons (£ ), i.e., the total 
m&x 

loss rate of excess energy of the swarm, is roughly (s£ V) where y is the 

volume of the cavity. 

Wow consider the electrons at the wall of the cavity. We assume these 

electrons strike the wall with energy equal to the average electron swarm 

energy fes=€g+Ac • The maximum energy that could be transported to the wall 

by these electrons would be for the case where none are reflected from the 

wall. The total arrival rate at the wall cannot exceed sV so the total energy 

18 



■transported via the electrons cannot exceed SV AC • Since we expect AC Cmax 

we conclude that the excess energy of the swarm is quickly transferred to the 

neutral atoms and ions at the point of origin of the energy and then in turn 

these atoms and ions transfer that energy to the walls via (grad Tg). 

On the basis of these arguments we will proceed to use both the reaction 

kinetics theory -nd the electron temperature theory to compute the 

solutions as a function of the varying ion generation rate along the radius 

(at mid-height) of the cavity. 

Because of the axial diffusion of the electron.', the electron density 

decreases in magnitude from the mid-height position in the axial direction 

towards the walls. Thi. axial variation (njr.)) would be negligible if the 

ions are lost predominantly by volume recombination (as expected); on the 

other hand, the electron density would vary as cos(z//^) if the ions are lost 

predominantly by diffusion. Later in the Resonant Frequency Shift Code we 

shall program the integrals over the volume of the cavity to account for any 

known variation in the axial direction. However, in the analysis of the 

data we shall neglect this axial variation. 

B. Electron Temperature Subroutine (lELECT) 

The equations for the electron temperature above were programmed for 

solution on the IEM 7094 computer in the FORTRAN IV language . The flow 

diagram for this program is shown in Fig. A-2 in Appendix A. As mentioned 

before this code was written as a subprogram of the more general Electron- 

Density-Temperature Code . Tliis subroutine is concerned with the inner- 

iteration to obtain T =T (n ) while the Electron-Density-Temperature Code 

is concerned with the outer-iteration on both T^ and ng. The following 

paragraphs will describe the major considerations to guide the inner itera¬ 

tion to a successful solution for Te, given ng. 

I. Analytic Expression to Guide Convergence: The efficiency or speed 

of convergence of iteration techniques depends in large part on the ability 

to estimate a good value of the trial variable ("good next guess") from 

information generated in the previous trials . Now we seek a value of to 

solve Eq.(l8) but we do not require the sum of the gain and loss terms to be 

identically zero. We ask that the absolute value of the difference (IA ^1) 4e 

less than some number (£^) that we have prejudged to be a satisfactory 
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convergence criterion, that is 

|Aé| 
i (¿0) 

and 
final (21) 

ë 

The gain term EçS of the electron swarm from the energetic electrons can be 

expected to be relatively insensitive to the average electron swarm energy 

les since for our condition we expect (f « £ (FF) or f (Fen.). However 
t ví o max max 

the loss tern. for the energy transfer rrom the swarm electron to the 

ambient gas can be expected to be very sensitive to the average electron swarm 

energy, or more appropriately to (C -6 ), depending upon the nature of the 
es g 

gas . The electrons of the electron swarm are expected to lose their energy 

predominantly to the neutral atoms rather than to the ions for the plasma 

condition of interest to us . The cross section for momentum transfer of elec- 

trons to neon and argon are shown in Fig. 2 and it is clear that the loss 

of energy to the neutral atoms es ) for these two gases will behave quite 

differently particularly when increases above^0.05 eV. Neon cross sec¬ 

tions increase monotonically with increasing electron energy but argon exhibits 

the characteristic Ramsauer minimum at electron energies near ^0.3 eV. The 

expression to predict the next "good guess" must reflect this difference in 

behavior of Q 
ea 

To obtain a "good next guess" for the trial variable, (£e ).+^ for the 

neon-argon system where [árj «[ Ne], we assume that the energy gain of the 

swarm from the energetic electrons Ecs changes linearly with increasing i 

and that the energy loss rate of the swarm to the ambient gas changes 

linearly with increasing 6es • From Eq.(l7) )=0 and we can compute 

Enc(f ) so that ° g GS^g' 

es,i+l 
EGS^g} 

(f ), - ë 
es 1 g. 

\s^es^i ' 
w 
W^es^i ' WÇj 

(22a) 

This approximation worked well for neon-argon and gave a convergence within 

5/e on E(i .e . Ê/Éçg) S 0.05 ) generally after only a few (-= 6) iterations. 
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Fig . 3 • Momentum transfer cross sections for electrons 
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in neon and argon 
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For the argon-cesium system with^Cs J« [A^ the linear approximation, 
Eq.(22a),caused the trial values to diverge from the correct solution. For 

0.1 eV ;£ (6 -£ argon-cesium it was found from the first code run 
es g _ _ 

using Eq.(22a)that Er a(f ) . Using this relationship and the insensi- 
JuO 6S ß . 

tivity of ¿GS to Ses (i .e .,ÉGS(f‘g)c¿éc,s(€es)) we obtain instead of Eq.(22a) 

( f ) 
v ces'i+l 

EGS( ^es^i 

^es^i 

1/2 

«Êes>i es) 
(22b) 

For the argon-cesium system Eq.(22a)was used for (£ -t )^0.05 eV and 
-.- s s 

Eq.(22b)for (€ -Ç )s»0.05 eV and convergence within 57» was generally 
es g # 

obtained in less than 6 iterations. 

2. Average Collision Frequency: Later in this report we will need 

for the Resonant Frequency Shift Code an average collision frequency ve to 

account for the damping of the electron motion in the E-M microwave field. 

This information can be obtained from the data already computed by the equa¬ 

tions above . The corresponding differential equation for each integral term 

(,j) in Eq.( 11 ) is 

. 2m 

«Vj = <Mf> f(e) «V df 
J 

(23) 

and we can define an average collision frequency for energy transfer v . such 
® J 

2m 
(24) 

n (£ -£ ) 
e es g 

Following the same logic that led from Eq.(ll) to Eq.(l7) we can compute an 

average neutral atom collision frequency vea and an average ion collision fre¬ 

quency vel as 

ea 
(25) 

*ThTF last"alternate version"was used on the computations reported here for 
both the Ne-Ar and Ar-Cs systems . 
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and (26) 
-'Vi 

ei 
I 2m 

6 
\ m(a ) 

n (if -£ ) 
ev es g 

where-(E^s)a and are the first and second terms of Eq.(l7). For the 

Resonant Freqtiency Shift Code we combine the above values (after convergence 

on f ) to obtain v as follows 
^es e 

= v + 
ea 

M(A+) 
Mürr ei (2?) 

j . Integration Subroutines : There are many integrations to be per¬ 

formed in this calculation (see Fig. A-2, Appendix A) and nearly all with 

tabular functions as integrands. These integrations (on a function, F(x)) 

are performed numerically with Simpson's rule using a fixed number of steps 

(N, input) for each variable. 

F(X) dX 

n=N/2 

= ¿i y 
iL 
n=l 

(F n + 1+F0 + F_ ) 
' 2n-l 2n 2n+l. 

(28) 

Thus, since the limits of integration (X^ and X^) are also variable, the 

increment size (/\.X=(Xul-X^^)/N) will change from integration to integration. 

The same subroutine, SIR, performs integrations for both analytic and tabular 

functions, F(x), having been given the name of a one-argument FORTRAN function 

as the first entry of its arguaient list — SIR (F,XLL, XUL, N) . The listing 

for this numerical integration FORTRAN function, SIR, is given in Table A-II 

in Appendix A . 

Tabular functions must be handled differently depending upon whether the 

increment range is known in advance, that is, depending upon whether the value 

of the independent variable is an entry of the tabular array or intermediate 

to other entries of the array. When the function "F" is tabular, two differ¬ 

ent FORTRAN functions may be used viz., DUMMY(x) or FUNCT(x) .DUMMY(x) expects 

to find in a labeled-common block a FORTRAN variable array XAR containing both 

a monotonie table of values for the independent variable X and a FORTRAN 

23 



variable array GAR containing the corresponding values for the dependent 

(tabular) function, F(x) . This FORTRAN function, i .e. DUMMY, is used when 

the range (and thus, the increment) for the integration are known in advance 

and when the program can be arranged so that the values of the independent 

variable X specified by the FORTRAN function SIR and the corresponding 

values of the function F(Xn) can be found and preset in the XAR and GAR 

arrays. A call to DUMMY(A) causes a search of the XAR array until 

(x(i)-a) - e (29) 

where t (SO) 

The value of GAR(l) is returned as F(A) . Again the "calling" program must 

preset XAR and GAR before calling SIR with an argument of DUMMY (for F) . 

The listing for this FORTRAN function, DUMMY, is given in Table A-III in 

Appendix A. 

The FORTRAN function FUNCT(x) uses the interpolation routine TAHX and 

expects to find in a labeled-common block not only the XAR and GAR arrays for 

X and F(X) but also a control array L(y) for TABX . A call to FUNCT(a) causes 

TAEX to interpolate the argument A into the sequence of X-values in XAR and 

return an interpolated value F(a) from the F(x) values in GAR. The order of 

interpolation is preset in the control array. FUNCT(x) is used for the func¬ 

tion name entry F in the integration subroutine SIR when the range for the 

integration is not known in advance or when the values of the independent 

variable Xn specified by SIR are Intermediate to those listed in the XAR 

array. A value of F(x) obtained by extrapolation out of the range of XAR 

is noted by FUNCT. The listing for this FORTRAN function, FUNCT, is given 

in Table A-IV in Appendix A. 

The XAR and GAR arrays were dimensioned with 101 cells and since both 

arrays are used over again in each of the integrations in Fig . A-2 it was 

necessary to provide other temporary storage arrays . A minimum of three 

additional arrays were needed: XE2(l0l), GE2(l0l) and EEl(lOl). 

4 . Calling Statement and Argument List : The FORTRAN-IV calling state¬ 

ment and argument list for the Electron Temperature Subroutine is 

CAIN TELECT (X, TELI, TESWKM) 

24 



where X 

TELI 

TESWRM 

Array for the number densities of the N particle 
species in the plasma. This is a double precision 
array with dimension 40 and the values will have 
been provided by a previous call to the Electron 

Density Subroutine, NONLIN . 
Is the first trial value for the electron swarm 
temperature to be used in the inner-iteration. 
The returned converged value of the electron 
swarm temperature (i.e. for ne=X(l)). 

The arguments are dummy names to the calling program and could be renamed 

there . 

5. Other Coding Considerations : Within the scope of this report it is 

not possible to cover all the coding details . Those readers who have some 

FORTRAN coding experience will be able to decipher much from the flow diagram 

in Fig. A-2 . For those who intend to make some use of these codes a few 

additional remarks are made . The input to this subroutine is read in the 

Main Control program for the code and will be described later in Section II, 

D.4. The output from within this subroutine is considered intermediate but 

it can be printed out depending upon the Main Program input to the switch 

PRNT4 (l=No, 2=Yes). An example of this output is given in Table A-XIII in 

Appendix A. 

The FORTRAN-IV NAMELIST mode for writing data was used. The function 

statement for the generalized Maxwell-Boltzmann electron distribution for 

energy for Eq.(lU) is shown in Table A-V in Appendix A. 

6. Check of Output: When the subroutine was first programmed, it was 

run separately on a check problem which haa been solved by graphical integra¬ 

tion techniques Each of the internal integration steps and the final 

answer agreed satisfactorily with the hand calculation. 

The complete print-output from this subroutine for an example problem 

is displayed in Tibie A-XIII In Appendix A and is discussed in some detail 

there. Normally this output is considered intermediate and is suppressed 

and only the final result is printed by the Main Control program (Section 

II-D.) as in Table A-XII in Appendix A. 

C. Electron Density Subroutine (NONLIN) 

The Electron Temperature Subroutine described above is the second sub¬ 

program of the Electron-Density-Temperature Code. The first subprogram, the 
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ir: consists °f Kmettcs 

- e ■ y ° radktJ 11 arailabi= as a subroutine in the outer iteration 

0n ° ''C r°n denslty “nd temperature, the Reaction Kinetics Code -tarte 

r laPUt °n the 10n (“nd netaSteblC> ^-ration rate Prom „scion 
the Kas and eiectron temperatures and various other geometrical and gas param¬ 

era, then solves N simultaneous, algebraic, non-linear, reaction kinetic- 

rate equations to rind the steady-state density of the B particle species of 

™S:'i C°mPUter 00de raE lrltten in d°Uble Prectsion in the 
PORTRAB-IV language and since this has already been described in some detail-1 

only the modifications will be discussed here. 

Subroutines for the Electron Density Subroutine (IjONLTN 1 • The main 
subroutine NONLIN and the various ntw „ > ~ 

iou" subroutines used by NONLIN are shown 
in block diagram forms in Fip^ p & nr) -Mno -nv.* x» 

“ Primry fUnCtl°n °f these subroutines 

NONLIN - Main control subroutine for solution of w • nx 
non-linear algebraic equations " SlmUltaneous 

EVAL 

GROUT 

PUNT 

ITER 

FINAL 

thePenSa?ionhlfI; tho K equations to be solved and 
the equations for the various partial derivatives. 

oubprogram for determinant evaluation . 

sïimlaritïesSâïPr°er™ f°r best ralues °f the r:>ots when 
Æceedea ™™untered or when the iteration count 

' Toill andtPëîrorsPr°Erara ^ thG ™lues of the 

^rooÂ^rT" f0r the “"“h 
of 

istings of these subrontines were presented in Reference (3) as part of the 

Olde- Reaction Kinetics Code (F3fi). In this elder F36 code; the title cards 

by; r Haln C°ntr01 Pr°Eram and m°Et °f thG ^ was read m by the subroutine EVAL To mnVft 
ck the°e Proßrams compatible as an Electron 

Density subroutine, the Reaction Kinetics Main Control program was deleted 

“ rrr and 00ntr01 UaS transferred b° thd Mal" =-^01 program for 
uhG Electron Density-TemneratuTp pnrio 

^ ^ t Code to be described later (Sect. II D) . The 
VAL subroutine was rewritten so that it now obtains the necessary input data 

via a labeled-common block from the now Äi„ Control program. A listing of 

the revised EVAL subroutine is presented in feble A-VI in Appendix A. The 

only other change made was to use a labeled-common block, CCM1, for tho X-arrav 
m the ITER and FINAL subroutines . C 
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2. Calling Statement and Argument List: The FORTRAN-IV calling state- 

ment and argument list for the Electron Density subroutine is 

where N 

X 

EPS 
ISW 

CALL NONLIN (N, X, EPS, ISW, L) 

Number of simultaneous kinetics equations to be 
solved . 

Array for the number densities of the N particle 
species in the plasma. This is a double precision 
array with dimension 40 and initial estimates must 
be provided in the calling program^ 
Allowed absolute error (used 1x10 ') . 
Output switch for printing results 

= 1 = Final results only 

2 = Intermediate and final results 
=3= No printed output 

L Error indicator 

= I If singularity occurred 

2 If number of iterations exceeded 100 
=3= If cyclic condition occurred 
= 4 = If good solution was found . 

The argument list above consists of dummy names whi -h are important, of 

course, to the subroutine program but not to the calling program. In the 

Main Control program (Sec. II D) we call this subroutine with different 

names for some of these arguments. We continue with the names X and EPS but 

call NX for X and RTN for L. During the outer iteration we call NONLIN with 

the name PRNTL (for ISW) for the input switch value for intermediate print 

output and after convergence we call NONLIN with the name PRNT2 (for ISW) foi 

the intermediate print output. Tie first trial values for the X-array are 

read in a NAMELIST-input statement with name GUESS in the Main Control pro¬ 

gram together with the input values for EPS, PRNT1, PRNT2 and NX as shown in 

Table A-XIl(page A-2l) . 

D^.Main Control Program for the Electron Density-Temperature Code (CW8) 

The Electron Density-Temperature Code is made up of the Electron Density 

subroutine (Sec .II D above) for n^nj TJ, the Electron Temperature subrou¬ 

tine (Sec. II C above) for Tc = T, (nj, and an overall control program (see 

Fig. 2) to guide the outer-iteration to a solution for compatible values for 

both (ne,Te)• It is this last control program which we will now describe. 

As well as, guiding the outer-iteration, this Main Control program must 

perform a number of additional tasks. The diagram in Fig. A-l shows the 
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details of the flow of the program but the sequence of operations is given 

roughly by the following list: 

1. Read in the input data; 

2. Write out the input data; 

3. Manipulate the fixed constants; 

k. Preparations for first call to NONLIN (performed only once): 

a. Adjust reaction rate coefficients for gas temperature (TGAS=tJ, 

b. Adjust reaction rate coefficients for first guess (input) for 

electron swarm temperature (TELI=TSWM1G) and use analytic 

expression for C(22), 

c. Call NONLIN for n =n (T --TSWM1G) and go to (5); 
6 O G 

5 . Preparations for repeated calls to NONLIN: 

a . Adjust reaction rate coefficients for trial value of 

electron swarm temperature (TELl) and in particular, adjust 

the values for the collisional radiative recombination coef¬ 

ficient C(22) by double interpolation on a(ne,Te), 

b. Call NONLIN for ne =ng(Te =TELI) ; 

6. Call TELECT for T =T (n )=TESWKM; 0 0 0 

7. Check convergence and go either to (5) or (8); 

8. Write output requested for above computation; 

9. Repeat entire procedure for each point requested along the 

mid-height radius of the microwave cavity; 

10 . Write out a summary of the output from each radial point ; and 

11. Punch out on cards a summery of the output from each radial point 

so that this information may be fed as input directly to the final 

Resonance Frequency Shift Code (CW9) • 

Hais code was again written in FORTRAN-IV language. In addition to Fig.A-1, 

Appendix A contains the listing of the program (Tables A-VII to A-X) and 

printed examples of the input cards (ihble A-Xl) and output sheets (Tables 

A-XII and A-XIIl) . Further discussion of the Main Control program of this 

CW8 code given below is confined to a few brief notes on input, convergence 

and running time, and also some additional details on steps (4) and (5) 

above to obtain the important collisional-radiative recombination coefficient 

CQ2 and the adjustment of the diffusion coefficients for Tg and Tg . 

28 



1. Input : An example of a set of input cards to this code is given 

in Thble A-XI in Appendix A . All of the input data are promptly printed 

out for the record. The two title cards are read in via "A-conversion" and 

then some of the data are read in via NAMELIST statements and some via 

FORMAT statements . The NAMELIST statements for input are useful particu¬ 

larly for repeating a problem with only one, or a few, parameters changed. 

Also the NAMELIST statements for computed output (e.g., MAM1 to MAMA in 

Table A-VIl) save much programming time. 

2. Computation of Recombination Coefficient C^n^Tj ; We have added 

to our theory a method for computing the temperature of theelectron swarm 

because we were convinced that any elevation of the temperature of the elec¬ 

tron swarm over the ambient gas temperature would greatly influence the 

value of the electron density predicted for our theory. Tin influence of 

an elevated electron swarm temperature wixx be carried inte the reaction 

kinetics equations via a number of the reaction rate coefficients, but par¬ 

ticularly, through the reaction rate coefficient C(22) C2? for collisional 

radiative recombination for the atomic ion of the minor gas species (A+). 

Some additional discussion is needed to explain how the value of this impor¬ 

tant coefficient is obtained —particularly so, since the method now differs 

from that employed in the older Reaction Kinetics Code (F36). 

In the reaction kinetics equations we have already expressed the loss 
5 

of the minor gas atomic ion by a 3-'body process as 

C22L0S = C2pA+ne2. (3l) 

However the 2-body collisional radiative recombination rate coefficients 

computed by Bates, Kingston and McWhirter, Ci(ne,Te), for this process are a 

function of the electron density as well as the electron temperature and in 

terms of their coefficients 

C22L0S - a(ne,Te)A+ne (^) 

so we have 

C22(VTe) 
a(n ,T ) V 0 -7 0 

(33) 
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In the limit of high collision frequency (ne-^»u© ) the recombination rates 

a(n0,Te) approach asymptotic values «.(tJH and in this limit the recombina¬ 

tion rates can be expressed analytically by 

c22(Te) 2.6 X 10-^(250/(1,¾))5 enflée'1. (3b) 

In this code we use the 2-body rate coefficients of Bates, Kingston and 

McWhirter except that on the first pass on a new problem (Step (4b) in list) 

we impro e the guess on ne (for «(n^Tj) by using Eq.(34) (via the function 

FC22(TELI), Table A-X) on our first call to the Electron Density Subroutine 

(NONLIN) . Al ter this call to NONLIN all subsequent computations (step 5a in 

list) use a value of C , ,(-^ Tj computed according to Eq.(33). 

The values of a(ne>Te) are read in as a double-subscripted array, 

ALFA(l,J) at compile time via BLOCK DATA input (see Table A-VIIl) along 

with the corresponding electron 

ture array TELIA(j). The «(n^, 

a' (n 

density array ZNEA(l) and electron tempera- 

Te) array is then normalized using Eq.(34) 

,T ) 
T ) o:(n 

e, e' 
(35) 

After having obtained from NONLIN in step 4 the improved guess on the 

electron density X(l) using TSWM1G in Eq.(34) and the input first guess on 

the plasma densities, GUESS: X(l),entry E made to the normalized ALFA(l,j) 

array via the function AC22(TE,ZNE) in Table A-IX to perform a double inter¬ 

polation (using the TABXZ Library subroutine) on both n and T to obtain the 
e e 

normalized value 

GAG22 = AC22(x(l), TSWMIG) . (36) 

The value of c22(ne,Te) corresponding to Eq.(33) is given by 

0(22) = FC22 (TELI=TSWM1G)*CAC22 (sy) 

Finally, with this value for the collisional radiative recombination rate, 

entry is again made to the Electron Density subroutine NONLIN in step 5 to 

obtain the first value of the electron density n =n (TSWMIG) (and metastable 
e e 

density, Nm=X(6)) to be used as input to the Electron Temperature subroutine 

TELECT to obtain T =T (n ). 
e e e 
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3. Adjustment of Diffusion Coefficients for T and T : The ambipolar 
___£_1 

diffusion coefficient for ions N+ diffusing together with electrons n is given 

by 

D 
U D + n D 
e + + e (38) 

a ue + |i+ 

The mobility of the ions (u ) is much less than the mobility of the electrom 

(u ), u « u , so if we substitute this and the relations D /p ==kT e and r-e, + 0+ + 

De/noe kTe/e in Ea . ( ::6 ) we get 

D p (¾ (1 
a h 0+- e ' v TjT“ ^ (39) 

where u. is the ion mobility at star^U/'d conditions of 273°K and 76O torr . 
0+ 

When the ions and electrons are in t-ermal equilibrium Eq.(^9) reduces to the 

familiar expression D^ 2u„|kT^/e) 2D_ . 

In our previous studies we have used the ambipolar diffusion coefficient 

at unit atom density, K , defined by K =nAD where nA(2.69x10 cm J) is the 

number density of atoms at 76O torr and 273°K and we assumed that the elec¬ 

trons were in equilibrium with the ions' and neutral gas: atoms (T Ti VT ) so 
e • g 

that 

Ka(300”K) 2 n0(^_),i,it 1.4 >: l.,16,, o.-’r«.-1 (i+o) 

where u in cm^V ^sec 
^0+ 

We wish to preserve the input values for K (309°K) and we will adjust for 

T and T in terms of K (300°K) as follows. We assume that the ions are at 
g e a 

the same temperature as the gas atoms T+ = Tt and we substitute K ^n^D into 

Eq • (39) 
vr 

(Ui) K (T , T ) (t^i) (3L-) (1 + íe_) 
a g e vnQ ' v e ; v T 

g 

Now our previous quantity K (300°K) is given by Eq.(tl) as 8 

K (300°K) K( BOO, 3OO) (¾ (¾^) X ¿ 
a ng t 

Vie now write Eq.(4l)in terms' of (42) for each ion species j as 

1 + Te/T 
___L. 

(42) 

(43) 

In the Main Control program we first adjust for T and then for T accord. 
o ^ 

ing to Eq .(43). 
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4. Convergent e on (n^^T^) Solution: The Electron Temperature sub- 

routine ('MAW;, as described in the previous Sec. II B, accepts as input 

the electron density and trial value of the electron swarm temperature 

(TELI) and returns a converged value of the electron swarm temperature 

(TESWKM) that is compatible with the input value of the electron density. 

Immediately upon return from the TELECT subroutine, the input value of the 

electron density (TELI) is compared to the output value (TESWRM) and if the 

difference does not meet the input convergence criteria, all the electron 

temperature dependent reaction rate coefficients (including C(22)) are 

readjusted for the new electron swarm temperature TESWEM) . The Electron 

Density subroutine (NONLIN) is again called for a new value of the electron 

density ne=ng(TESWEM) and the process Is repeated until the convergence cri¬ 

terion is met (-J 2-5 iterations for a convergence of 5%> on To¬ 

other parts of the Main Control Program of the Electron Density- 

Temperature Code involve various input-output statements and the manipula¬ 

tion necessary to repeat the entire computation of the (ne,Tj pair for each 

ion source rate (XSR(n)) at each of the N=NSR points along the radius of the 

microwave cavity. Also, by using the NAMELIST input format, this entire pro¬ 

cedure can be repeated for a change in any (or all) of the input variables 

by having set the switch MORE to 1 and adding an appropriate NAMELIST card 

stating only the name of the changed variable with Its new value . 

5. Core Size of Program and Running Time: The entire Electron Density- 

Temperature Code, including the (Reaction Kinetics) Electron Density subrou¬ 

tine and the Electron Temperature subroutine, occupies about 23,000 cells of 

core storage and to obtain 11 (np,Te) solutions for 10 increments along the 

radius of a microwave cavity requires about one minute execution time on the 

IIM 709^ computer . 

6• Output for an Example Problem: The printed output for an example 

problem is displayed in Tables A-XII and A-XIII in Appendix A. The output 

in ïhble A-XII represents the normal minimum print-output with only the 

PRNT3 switch on (-2). These data are discussed in Section A-II of Appen¬ 

dix A. The output in Table A-XIII represents the output from the CW3 Code 

with all of the print switches on and in particular, the intermediate output 

from the TELECT subroutine is displayed. The sequence of coinputations in 
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"tho TELECT subroutine is discussed in section A-III and each step is related 

to the computed values of this example problem. Also additional details on 

the physics of our plasmas are brought out in the discussion. 
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III ■ RESONANT FREQUENCY SHIFT CODE 

1,2 
in tiome detail in earlier reports our inpile mierowave measurements of 

electron density for both neon-argon and argon-cesium systems. There also, 

we reviewed the pertinent microwave theory and explained the simplifying 

assumptions we had used to analyze the experimental results. In particular 

we assumed that the electron density was uniform over the volume of the cavity. 

The predicted values of electron density from our earliest Reaction Kinetics 

Code have agreed fairly well with the values of the average electron density 

we obtained from the measured shift in resonant frequency of the cavity. 

However now with the new Electron Density-Temperature Code for predicting 

the electron density distribution in the cavity, we can relate the frequency 

shift of a resonant microwave cavity to the electron density distribution 

within that cavity. This improvement involves integration of the computed 

electron density distribution over the electric field within the cavity and 

permits us to make use of the following additional information obtained in 

the experiments . 

We had designed our microwave cavity to operate in the fundamental 

mode. However we found in our inqile measurements that as we swept over a large 

range of input microwave frequenry that other fundamental modes of the cavity 

had been excited. The information chat we desire, that is the electron density 

distribution, is contained in the frequency shift for each of these modes 

although it does involve a different distribution of the electric field within 

the cavity. Even with our simplifying assumption of a uniform electron density 

we were able to take advantage of these additional signals . At the higher 

values of neutron flux and electron density in the argon-cesium system the 

resonant frequency of our fundamental mode would shift to such an extent 

that the signal would disappear in the noise either because of decreased coup¬ 

ling through the microwave window or because the signal moved out of the effec¬ 

tive range of the microwave generator. However, before this signal had disap¬ 

peared off-scale, signals from other modes had appeared and particularly the 

strong m0^e ■ I'hi3 signal had a vacuum resonance frequency below the 

effective range of the microwave generator and therefore could be followed, 

once it had appeared, up to the maximum electron density generated. 

J 



r 

In this section we first set down the basic equations from microwave 

theory that we need to solve for the shift in resonance frequency as a func¬ 

tion of the electron density and electric field distribution within the 

cavity. Then we list the equations for the electric fields of the normal- 

modes of the cylindrical cavity in terms of the Bessel functions and their 

derivatives and finally we describe the computer code which performs the 

many numerical intergratlons necessary to obtain the predicted shift in reso¬ 

nant frequency for the particular fundamental mode desired. 

A. Microwave Theory 

1. Frequency Shift of the Cavity: The equations which express the 

change in the resonance properties of a microwave cavity with the introduc- 
12 12 

lion of a plasma were first derived by Glater and developed by others . 

We have reviewed this theory, as it applies to our experiments, in a previous 

report'*' and described how these relations led to the well known formula which 

relates the shift in the resonant angular frequency ( AcO ) of a microwave 

cavity to the electron density distribution n (r) and electric field distri- 

13, li¬ 
bation E(rJ within the cavity: 

a) 

uJ, 
1 
2 

1 

C m uJ ^ 
o e o 

i ^ - 2/ 2 
i e 

I 
T 

n (r) E ('r)dr 
'V ev v 7 

(44) 

E2(?)dr 

The validity of this expression depends upon At-C « U)0> where uJ is the reso¬ 

nant frequency of the empty cavity/ In this expression e and me are the 

electronic charge and mass of the electron, 6) is the permittivity of free 

space, ve is the average collision frequency of the electrons and V is the 

volume of the cavity. 

Now we do not have available the full distribution of electron density 

n.,(r) from our theory, but from the Electron D nsity-Temperature Code (CW8) 

described in Section II we can compute nf3(r,"=d/2) along the mid-height 

radius of the cavity. Later in the analysis of the data in Section IV we 

will assume the electron density uniform in the axial direction z; neverthe¬ 

less, in this computer program for solution of Eq.(44) we shall maintain more 

generality and provide the means for an axial variation of ne if, and when, 

*The presence of un-ionized gas does not significantly perturb . 
o 
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that variation becomes available.* We do this by assuming that the electron 

density distribution can be expressed in a functional form with complete sep¬ 

aration of the variables r and z, viz. 

where 

n (?) = n F (r) F (z) (k^) 
e o r z K ' 

nQ = n(r = 0, z = d/2) (t6 ) 

and 0 « F„ ( z ) 2! 1 and 0 F ( r ) 15 1. 
z r 

If we write uj^-Snfq, where fQ is the microwave frequency in cps, and use 

Eq-(^5) in (4t) we obtain 

cps = 

n 
o 

f 
0 

G(?) 

where 

and 0 ^ Of?) 2 1. In cps units, Eq. (I+7) becomes 

Af, cps = 4.O3 X 10' 

!
—
!
 N 

U+ ve7%i id G(?) 

(47) 

(43) 

) 

nQ is computed in the CW8 code and we have also shown in Eq.(27) in Section 

IIB.° how to obtain vg from the output of the CW8 code. 

We wish to evaluate fQ and G(r) 'in general terms in order that 

the code be applicable to any normal-mode of the cavity. 

* If the plasma were completely controlled by axial diffusion (i.e. n ^n0cosir(z/d-l/2)) 
then <ng>=:0 .64 n0 . With appreciable recombination loss, as we expect, the correc¬ 
tion would be somewhat less. However, the actual axial correction in Eq.(48) 
depends also upon the axial variation of the electric field for the particular 
mode. This is of some convenience since as we shall see later, e2(?) in Eq.(44) 
for our cavity can also he expressed as a sum of terms each of which has com¬ 
plete separation of the variabler and z viz. E2r- f'FE:j_(r)FEi(z). A distribu¬ 
tion function ne(r,z) could also be handled by numerical techniques with a 
modest increase in programming complexity. 
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15 
2. Normal-Mode Fields for a Right Circular Cylinder : The normal-mode 

fields in a completely lossless cavity are obtained by solving Maxwell's 

equations subject to the boundary conditions that E be normal to all boundary 

surfaces and H be tangential. The solutions are essentially a set of charac- 
Jfe _4k 

teristic resonant frequencies and vector functions, E and H, describing the 

spatial configurations of the normal-mode fields. The normal-mode fields of 

a cavity are conveniently divided into two sets, transverse-electric and 

transverse-magnetic modes where the axis of reference for a right circular 

cylinder is along the cylinder axis z. The transverse electric TE-modes have 

no E components along z and the transverse magnetic TM-modes have no H com¬ 

ponents along z . The normal modes are further defined in terms of three inte¬ 

gers JL, m. n. For the TE-modes 

Ji = number of full-period variations of E^ with respect to 9 

m = number of half-period variations of E^ with respect to r, and 

n = number of half-period variations of Er with respect to z. 

For M-modes, the integers are correspondingly defined in terms of the compon¬ 

ents of H. The normal-mode fields are expressed in terms of trigonometric 

and Bessel functions . 

The resonant frequencies of the (empty) microwave cavity, fo, are given 

in terms of the roots of the Bessel functions and the dimensions of the cavity 

as 

cps (50) 

where c = velocity of light (cm sec” ) and and d are the radius and height 

of the cavity in cm. The quantities are given in terms of the roots, and 

derivatives of the roots, of the Bessel functions as follows 

X = m^ root of J. (x) = 0 for the TE-modes; (51 ) 
J.m t 

X^m = m^ root of J^(x) = 0 the ÏM-modes; (52) 

These roots are listed later in the input to the code in Table B-IV,Appendix B. 

The normal-mode electric fields are given by the following equations : 

For the TE-modes, (k^r) 

k^r - -i sin.t© sin ko z 

= - (k^r) cos Í9 sin k_, z 

(53) 

E = 0 
z 

0 

m » 0 
(54) 

(55) 
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For the TW-modes, 

where 

E 

E 

k3 ' / N ( \ -r*- <L (k^r) cos sin k_z - k 

Ji(kir) 
k k^r 

sin^Ö sin k z \m»0 

1 J. (k^r) cos 
¡L ' 1 

cos k z 

A,, 
-^ra ( ^ (m 0 

n n 
d 

(n » O) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

We have now to use these equations to evaluate G(r) in Eq. (48). First, 

we note that the square of the electric field appears in Eq.(48). Second, we 

observe that altho\igh we plan for a variation of ne(r) through the functions 

Fr(r) and Fz(z) in Eq.(48), we expect no variation of the electron density in 

the azimuthal direction 0 and we can immediately integrate out the 0 dependence 

in the electric field components. We do not include here the intermediate 

steps in the derivations but instead, we set down the final equations used to 

evaluate G(r) in Eq.(48). Also we mix nomenclature and define some of the 

functional terms by their FORTRAN variable names that we shall use later. 

First, we rewrite Eq.(48) in terms of the FORTRAN variable names for the inte¬ 

grals in the numerator (XNUM) and denominator (XDEN) as 

G(r) 
XNUM 

XDEN 

For the TE-modes we have : 

XNUM F (r) F (z) 

V 

n xzs i2 
(.2 + XR2) 

(62) 

(63) 

38 



where 

r d 
J Fz(z) sin2(k- z) dz 

XKI 

XR2 

o 

J 
and 

XDEN 

where 

iE2(î)dr 

J.2(w) 
F (r)(-¿——-) dr 

/ 2 
F (r) (J (knr) r dr 
r Û 1 

vzs (-4 VR1 + VR2) 

V 

VR1 

-J sin^ (k^z)dz 

0 P2 

í d. 

d 
2 

(64) 

(65) 

(66) 

(67) 

(68) 

VR2 
hP2 / 8 

= / (k1r)r dr 
-/0 

(70) 

For the TM-modes we have 

XNUM = 

vihere 

and XDEN 

where 

)2 k 
XZS (XR2 +(^-)4_^)XRl) + XZC(^~) XR3 

k12 k 

XZC 

XR3 

r 
= / ? .(.-)0002 (. z)dz 

P 0 j 2 (r) J^“(k r) r dr 

'0 
1 

VZS ( VR2 + (A7)(^-)VRl) + VZC(*—ít)VR3 
k1- 

2 kj k 
1 

V ^ 

vzc J 
d 

cos^ (k z)d: 
d 
2 

' 6 p 2 

j ^ (k^r) r dr 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

We note that the expressions for XNUM and XDEN above are composed of terms 

which are products of integrals our one variable (r or z) and we can perform 
* 

the overall integrations in separate steps . 
*For the more general distribution function ne(r,z) we would hive performed the 

integrations over r and z in nested FORTRAN DO-loops. 
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Before we take up the computer program for the solution of these equations 

we set down an important recursion formula which expresses the derivative of 

a Bessel function of integer orderJ in terms of the Bessel function of order JL 

and J^+ 1 

Ji. (y) = ^ - ^+i(y)- (tt) 

We will make use of this expression to obtain the derivative of a Bessel 

function in conjunction with a FORTRAN-subroutine for evaluating the Bessel 

function itself . 

Later in the analysis of the experimental microwave data we will find it 

convenient to compare experiment and theory in terms of an "electron density" 

rather than the frequency shift. We do this in terms of an electron density 

averaged over the square of the electric field in the cavity. From Eq.(l+9) 

we have 

Af f 
o 

1+.03 X 10T 
e '—o 

where now both sides have the dimensions of electron density, cm- J. We com 

pute the right-hand side from theory and call it the theoretical average 

electron density (see also Fig. l). 

Theo . ,.-2/ 2 
1 + V / , 

e /uyo 

n0G(r) 

or / f 
Theo, 

(79) 

(80) 
I+.03 X 10T 

as in Fig . 1. 

We compute the left-hand side of Eq.(78) using the measured resonant frequency 

shift and call it the experimental average electron density 

^e' Bxp 
4.O3 X 107 

Zlf 
Exp, 

(81) 

and f This value is a constant times a measured quantity. Both AfEXp 

depend upon the mode of the cavity. 



B. Computer Code (CW9) 

The computations described above are somewhat tedious in that they 

require a number of numerical integrations with the proper switching to per¬ 

mit computation for a number of cavity modes; nevertheless, no iteration 

techniques are involved and the problem is a straigh-through computation. 

This Resonance Frequency Shift Code (CWq) was written in FORTRAN-IV language 

for the IM-709I+ computer and the flow diagram^source program listings and 

input-output examples are presented in Appendix B. For the numerical inte¬ 

grations we use the subroutine SIR together with the tabular-function sub¬ 

routines, DUMMY and FUTJCT. These subroutines have already been described in 

Section IIB.3. We had available a FORTRAN-IV library-subroutine "BESSEL" 

to compute the various Bessel functions and this was used in conjunction 

with the recursion Eq.(77) to evaluate the Bessel function derivatives. 
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IV. ANALYSIS OF INPILE MICROWAVE DATA 

In the previous two sections of this report we have described how we 

calculate, with the aid of a digital computer, an average electron density 

for our inpile microwave cavities. We recall that the reaction kinetics equa¬ 

tions for electron density discussed in earlier ONE reports now form part of a 

more comprehensive theory which both determines and takes into account non¬ 

equilibrium electron temperatures and non-uniform electron density distributions 

within the cavity . In the following section we present electron-density results 

from this theory and compare them with our previously reported inplle microwave 

measurements of average electron density. 

In order that we might exhibit the influence of the non-equilibrium elec¬ 

tron temperature apart from the effects due to the ron-uniform density distri¬ 

bution and other changes of lesser importance, we have written a modified ver¬ 

sion (CW8-B) of the CW8 code in which all computations were the same except 

that we set Te=Tgas . Computations from this CW8-B code without electron heat¬ 

ing will be compared with the predictions from our new theory. 

Most of the analysis presented in this section is for the neor.-argon micro- 

wave data. However, we do report on a few computer runs for the argon-cesium 

system but these last results confirmed our previous conclusions in section 

IIA.3 that the electron temperature theory must be modified for the argon- 

cesium system to include inelastic collisions. Finally, we outline our plans 

to modify the Electron Density-Temperature Code to account for che major 

inelastic losses in the energy decay of the energetic electrons and for the 

fractional increase in ion generation rate that accrues . 

A. Microwave Experiment 

The microwave measuring circuit and resonant cavity have been described 
2 

in detail previously. We shall review here only those details needed to 

explain the limitations on our variation of the operating conditions . We used 

K-band microwaves from a sweep generator (H.P.696A) with an effective range of 

22.0 to 26.5 GHz. The microwave cavity was supported at the end of a long 

length (~j20 ft) of waveguide inside an aluminum containment tube. This 3 inch 

o.d. aluminum tube was placed in a reflector position at the edge of the reac¬ 

tor core . For the inpile runs on the neon-argon cavity the neutron flux was 
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varied by changes in reactor power. For the inpile runs on the argon-cesium 

cavity the reactor power was held constant at 2.0 MW and the entire microwave 

assembly (including the generator) was lifted vertically by a screw-jack so 

that the microwave cavity could be moved from the maximum neutron flux posi- 

tion at the mid-plane of the core (4> ^1.4x10 Jcm~ sec” at P=2MW) to a 
TTlclX 

minimum flux about 1 ft above the core (d) -=¿0.004 4> ) . 
max max 

The neon-argon and argon-cesium cavities had the same overall dimensions : 

o.d.=2.272 cm, height=0.7 cm with a U-235 foil 0.001 inch thick and 1.9 cm in 

diameter bonded to the inside surface of one end cap. For the neon-argon 

cavity we directed the end of a small (--1/4 inch o.d.) tubing at the outside 

surface of this end cap so that the fission heat could be dissipated by a 

cooling stream of nitrogen gas . For the argon-cesium cavity an enlarged pump¬ 

out tubulation became the cesium reservoir and we directed another nitrogen 

gas cooling tube at this reservoir to give some control of bath temperature. 

The important point to these design details is that we were very limited in 

our ability to vary the gas temperature inside the cavity since the modest 

fission heat (-^ 80 watts max) depended upon the neutron flux and we could vary 

the average temperature of the cavity walls from the condition for maximum 

cooling (—320°K) to the condition for no N2 cooling (-^750¾ for maximum neu¬ 

tron flux) . For the argon-cesium cavity we were further limited in maximum 

average cavity temperature by the heat dissipation needed to control the tem¬ 

perature of the cesium bath. Had we anticipated the anomalous dependence of 

electron density on the wall temperature of the argon-cesium cavity we could 

have added to the design an oven similar to that employed on our argon-cesium 
5 

ionization tube . 

We constructed and operated inpile only one neon-argon cavity (No .14) and 

one argon-cesium cavity (No. l6) of this design.* The neon-argon cavity was 

filled to a gas pressure of 90 torr (Ne=N =2.9x10 cm" ') with a mixture of 

Ar/Ne=l.0x10” . The argon-cesium cavity was filled to a gas pressure of 

90 torr (Ar=N =2 .gxlO^cm"^) of argon and by adjusting the cesium bath tempera- 
0 -6--3 

ture we were able to vary the mixture of Cs/Ar from—1x10 to—1x10 

*One previous inpile run had been made on a neon-argon (Ar/Ne=10-5) cavity 
(No.9) with different dimensions (d=0.5 cm). This cavity was operated without 
a sweep generator and only one data point was obtained before the cavity 

failed .^- 
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B. Analysis of Neon-Argon Microwave Data 

Most of the inpile data on this cavity were taken for the condition of 

maximum I^-gas cooling, viz., minimum average cavity (or gas) temperature, 

and the neutron flux was varied by varying the reactor power . We will present 

this data as a function of neutron flux but before we can compute a predicted 

curve from our theory we must select from the experimental data values which 

are representative of the average gas temperature at each value for the neu¬ 

tron flux. Also, two inpile runs were made at two different but fixed values 

of neutron flux in which the temperature of the cavity was varied from the 

minimum to the maximum temperature obtainable within the limits of the N gas 

flow. These data will be presented separately together with the values of 

electron density predicted from theory. In all cases we will present the data 

as points on a graph with the predictions from our theory as a solid curve . 

We also include the computed values from the CW8~B code as a dashed curve to 

show by comparison the effect of the elevated electron swarm temperature . 

1. Average Gas ^Perature^s^j Chromel-alumel thermocouples were 

spot-welded to the center of the outside surface of each end of the cylindrical 

cavity. We recorded temperature measurements for both the thermocouple on the 

end containing the uranium (T^,“K) and the thermocouple on the bare Kovar-end 

(^,¾). We define the average gas temperature as 

^gas^av ” (¾ + ‘ (^2) 

A plot of this average temperature of the cavity walls versus the neutron flux 

is presented in Fig. 4 for the last two runs on the cavity. The circular data 

points are for the condition of maximum cooling and most of our microwave meas¬ 

urements were taken at higher values of neutron flux (j»1012cnf 2sec-1). 

The solid curve drawn through the data points was used to obtain values for 

Tg " av for the computer runs . Values for the computed electron swarm 

temperature are shown by the dashed line but these will be discussed later. 

—Reactlon Hates: Input values for the reaction rate coefficients for 

the reaction kinetics equations in the Electron Density subroutine have been 

presented for the example problem in 'Ikble A-XII (page A-22) . Most of these 

values were discussed in a previous report5 and those coefficients whose values 

have been changed will be discussed now. The new method of computing the 
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important collisional radiative recombination coefficient C 0(n ,T ) has been 

iscussed in section IID.2. A dependence on electron temperature has also 

been built into the dissociative recombination coefficient for the general- 

i ed reaction N2++e —♦ 2No and for the dissociative recombination coefficient 

C21 for the Generalized reaction A2+ + e”-^ 2A as: 

Cl6(Te) = Cl6(300”K) (300/^,¾)1316 (83) 

and = =21(300¾) (300/1,,¾)1321 (si) 

where E16 and E21 are the Input FORTRAN names of the exponents in the simple 

power law. 

Frommhold and Biondi ^ have studied the temperature dependence of the dis¬ 

sociation recombination of Ne2 and N2 ions and found that a(We2+) decreases 

slowly with Te for 300-T - 3000¾ and T+= Tg = 300oK. They indicate that the 

closest simple pow_r law to fit the data is a T^l/3 variation. Therefore we 

set £16=0.333 in^.Eq.(83) and use the previous discussed value of 0^(300¾^ 

2.2x10 ^cm\ec from the studies of Oskam and Mittelstadt.1® Hessin has also 

reported for neon that a(Ne2+) varies as T/0'2^ for 300-Te«600°K and varies 

as Te-° for 900-^-2400¾. These numbers are in good agreement with the 

simple power law we have selected . 
20 

Fox and Hobson have reported for shock tube experiments that a(Ar +) 

varies as T'^2 for 1000-^-3000¾. Even though the gas atoms and ions prob¬ 

ably also reach elevated temperatures in these experiments, the relative velo¬ 

city of approach of the ion and electron is given essentially by the electron 

velocity, so we^select 521=1.5 in Eq.(84) and use the previous value of C2 

(300¾) =6.7x10” ^cm^sec”1 also from the studies of Oskam and Mittelstadt 

We have explained how the diffusion coefficients for the ions are adjusted 

for Tg and Tg in section IID.3. Phelps21 has found that the neon metastable 

states have a temperature dependence for their diffusion coefficient of T0’73 

for 77— T —500¾. We have therefore provided for a simple power law variation 

of Km in the code for adjustment for the gas temperature in terms of the input 

value K (300¾) 
71 , 4 T EKM 

Vy = Km(300°K) (—ÉL) (85) 
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where EKM is the input FORTRAN name cf-te exponent. For the neon metastables Nem, 
1Û *i *i 

EKM=0.73 and ^(300^)=5.5x10 cm" sec" as derived in Reference (5) from the 

work of Phelps.21 

3« Ion Generation Rate: We have described in an earlier ONR report'* our 

ion generation rate theory and the Q00 code by which we compute the ion source 

rate at each point in the tube (S+(T*)) from the properties of the fission frag¬ 

ments, the properties of the gas and the geometry of the tube. Also in Refer¬ 

ence (5) we gave values for the important properties of the fission fragments 

and the gas constants (for both Ne and Ar). To obtain the values of ion source 

rate 3^(=S+/No)used in these neon-argon studies we made a run with the Q00 Code 

for the geometry of the microwave cavity and a gas filling of pure neon at 90 

torr pressure (No=2.9xl0 cm 3). Previous to our inpile microwave runs we had 

calibrated the reactor neutron flux inside a mockup of our microwave cavity 

with gold-activation techniques . For the Q00 Code compiitation, then, we obtain 

the total fission cross section ( ) of the fission fragment source directly 

from the composition of the uranium-nickel film without adjusting for neutron 

attenuation in the support structure : 0 .12 vol. fract. of nickel wi ch 0 .88 

vol. fract. of uranium of 937« enrichment and density of 18.7 gm cm" 1 yields 

£>£=21.7 cm 1 for 0^(1^-235)=582b and 0.95 self-shielding. The light fission 

fragment range is 6.62x10"^ cm and the heavy fragment range is 5 .05xl0”1’cm for 

this U-Ni alloy. 
I-? _2 -1 

For an input neutron flux of ¢-1.0x10 cm sec the Q00 Code gave a 

value of Sq=S+/N0=l .86xlO“3sec“'*'. We made the inpile microwave runs at speci¬ 

fied values of reactor power (P) and since the flux calibration gave ¢ = 

1 .Ii5xl01^cm 2sec 1 for P=2 .1 MW we have St =S,/N Pafl .30x10". 

For the fission fragment generation rate of neon metastable states we 

have used 3^=0.465 S^. This value was computed from our reaction kinetics 

theory and was verified by two inpile runs with our ion generation rate tube 
5 

for pure neon and a neon-argon mixture . 

The distribution of the ion source rate along the mid-height radius of 

the tube as determined from the Q00 Code run was used to obtain the source 

rates printed out for the example problem in ïhble A-XIl(page A-31) in Appen- 

dix A. The source rates for that problem (P=1MW,¢=6.9x10 cm" sec ) is 

plotted in Fig .5 versus the radial distance from the center of the tube . The 

CW8 code output for the electron swarm temperature and the electron density 

are also plotted versus r in Fig . 5. 

1+7 



Fig. 5. Computed variation of ion generation rate (S ), electron 
temperature (T ) and electron density (ne) along the radius 

of the cavity. 
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Electron Density Versus Neutron Flux: With the input data as des¬ 

cribed above and the gas temperatures as obtained from Fig. 4, the following 

computer runs were made, first on the CW8 code, and then on the CW9 code. 

TABLE I. CW8 Computer Runs 
líeutron Flux 
cm~2 sec"-*- 

6.9 X io9 

2.18 X 10 

6.9 X 1010 

Run No , 

109.1 

109.2 

109-3 

109.4 

109.5 

109.6 

109.7 

109.8 

Reactor 
Power, kW 

1 

3.16 

10 

31.6 

100 

316 

1000 

3160 

„10 

2.18 X 10 
ai 

11 

6.9 X 10J 

2.18 X 10 
„12 

12 

6.9 X 10 

2.I8 X 10 >13 

T 
_g 

322 

323 

326 

329 

333 

;45 

405 

555 

“K S^sec 

I.3OO X 10' 

4.IO8 X 10 
-6 

1 
• J'' 10 

4.108 X 10* 

I.3OO X 10* 

4.108 X 10 

I.3OO X 10* 

4.IO8 X 10 

-4 

-3 

For each of these runs electron densities and temperatures were obtained at 

11 points along the mid-height radius of the cavity as in Run IO9.7 in 

Table A-XII (page A-31). The electron temperatures computed for the center 

of the cavity are plotted versus the neutron flux in Fig. 4. At the lower 

values of neutron flux the electrons are heated only slightly above the gas 

temperature . However as the ion generation rate (S-j ) increases with neutron 

flux, the energy input to the electron swarm (Ê in Eq.(3)) increases and 
ÏÏ16LX 

the electron swarm temperature increases much more rapidly than the gas tem- 
13-2-1 

perature'and at a high neutron flux of 1.0x10 "’em sec , T^ 440¾ while 

Tc(r=0)=rf900°K. 

The CW8 code output distribution of electron density along the mid-height 

radius of the cavity was fed as input to the CW9 code for the HImode and 

the computed average electron density output is plotted as the solid curve in 

Fig. 6. The experimental values are plotted (see Eq.(8l)¡)as points and the 

fit is seen to be very good (errorc+ 20^0) . 

The experimental points which are represented as squares in Fig. 6 were 

actually taken with no cooling of the cavity. For the data points at •t’clO^1 
-2 -1 

cm sec there was little heating of the cavity, however, for the points 
11 12 _2 -1 

where 10 «<1>«10 cm sec the average gas temperature was higher than the 

values taken from the curve in Fig. 4 and therefore the fit between experiment 



and theory below ¢-^1012 cm'2sec"1 is even better than shown. Above 4>~'2xl012 

cm"2sec_1, the experimental data dip slightly (:5 20%) below our theoretical 

curve. We offer no explanation of this slight deviation. The fractional 

loss of ions by diffusion is very small even at the higher electron tempera¬ 

ture (DIFFRN=0.13, Table A-XIl(page a-2T)) and so our assumption of no axial 

variation of ne yields only slightly higher computer values for <ne>. 

The dashed curve from the -B code for Te=Tg produces values consider¬ 

ably lower than the experimental data and the difference in <ne>ipheo is pr°~ 

portional to T -T in Fig. b. We consider this difference in the fit of the 

two computed curves as further confirmation of the non-equilibrium condition 

that we predict for our plasmas. 

Some of the more Important reaction rates are listed in Table II as a 

function of the neutron flax. Also listed are the solutions for the six 

important species of the plasma and both the reaction rates and density of 

species were computed for a point at the center of the tube . In all of these 

cases, Ar+ is the major ion species and the primary ion We is lost by 3-body 

molecular ion formation to Ne2+ followed by rapid dissociative recombination. 

At low values of ng (at low neutron flux) Ar is lost by molecular ion forma¬ 

tion and diffusion while at higher values of ne, the collisional radiative 

recombination rate becomes predominant. 

5 . Electron Density Versus Average Gas Temperature : Two inpile runs 

were made at two different but fixed values of neutron flux (¢) and the elec¬ 

tron density was varied as a function of <Tgas>' *n both cases (see Figs. 7 

and 8) very little variation of <ne'> with was obtained. 

In Fig. 7 for the lower value of $=3.5x10 cm 2sec 1 the fit of the new 

theory with electron heating (Tee¿800°K) is good, particularly, the slope 

matches that of the data. The dashed curve shows the prediction with no elec¬ 

tron heating (T =T ) and besides predicting values too low the derivation 
e g 

^ne>/òT is too high. ^ ^ 
In Fig. 8 for the higher neutron flux (¢=1.4x10^cm sec ) the magnitude 

of the predicted values from the new theory with electron heating (Te~1000°K) 

are higher than the data as in Fig. 5, however the slope agrees somewhat better 

with the data than that from the CW8-B code with Te=Tg. 
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Fig . 7 . Comparison of computed and experimental variations of the average 
electron density ne versus the average gas temperature ^Tgas^ at 
a moderate neutron flux of cm"^ sec“^-. 

AVERAGE GAS TEMPERATURE, °K 

Fig. 8. Comparison of computed and experimental variations of the average 
electron density/r. a versus the average gas temperature at 
a high neutron flux of $=1.4x1013 cm-" sec~l. 
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C . Analysis of Argon-Cesium Microwave Data 

We do not expect to fit the argon-cesium microwave data with our new 

theory because as yet we have not included the terms for electron cooling 

by inelastic collisions . These terms will be important as the energetic 

electrons decay in energy in the presence of neutral cesium atoms. However, 

we had made some inpile microwave measurements on argon-cesium at a very low 

cesium to argon ratio (Cs/Ar- 3.OxlO“6) where the error due to neglecting 

these inelastic collisions should be minimal. We report here on three CW8 

code runs on the argon-cesium system, Cs/Ar=l .Oxio"6, Cs/Ar=3 .OxlO’6 and 

Cs/Ar=1.0xl0 ^ and compare the predicted values with experimental results. 

1. Reaction Rate Coefficients : Almost all of the reaction rate coef¬ 

ficients for the argon-cesium system have been discussed bcfore1,g,,r; and, of 

course, many of the important parameters for argon have been discussed in 

Section III. For the temperature dependence of the dissociative recombina¬ 

tion rate for Ar2+ we have used the simple power law in Eq.(83) with 

£16=0.7 from the data of Mehr and Biondi.22 For the temperature dependence 

of the similar rate C20 for Cs2+ we set E2O-O.50 in Eq.(84) after Bates and 

Dalgarno.2J For the volume destruction oJ argon metastable states in three- 

body collisions with argon atoms(C^) we use the value derived in Reference 

(iy(Section A). We have already presented the momentum transfer cross sec¬ 

tion for electrons in argon Q (-) in Fig. 2. 
G8. 

For the ion generation rate, a Q00 code run on pure argon gave 

S (r=0)=S (r=0,7=^/2)/1^=1.05x10 /2.9x10-^=3.62x10 ^sec-"*" for a neutron flux 
13-2 -1 

of 1.0x10 cm sec . Since the neutron flux calibration gave a value of 
_2 -1 

¢=1.44x10 cm" sec" at a reactor power of P=2 MW we have S,' =S /N P 2.61x10"7 
-L -1 *- 1 +' 0 

sec MW . For the fission fragment production rate of argon metastable 

states we assumed a value of similar to that computed for neon, that 

is we set 8^=0.5 for argon. 

2. Comparison of Theory and Experiment: The inpile microwave run on 

argon-cesium reported here was mode at a neutron flux of ¢=1.44xl013cm"2sec“1. 

The cesium to argon ratio was varied from Cs/A^xlO"^ to 1.2xlO”3 with care¬ 

ful attention to maintain the as>av -644°K. We show only the first of four 

nf this data in Fig. 9 up to cs/Ar- i.Sxio-5. The 
In our previous studies of the Ar-Cs microwave data-> we have used the aver- 

ag*? value, <S+(r)>av.. from the Q00 Code run which gave Si =2^OxlO-Ssec-^nd 
S1 ^.TSxlO’Ssec-lMW-1. 
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M'M 

Pig. 9. Comparison of experimental values of <nex- versus [CsV[Ar] with 
theoretical values computed witho^it taking into account inelastic 
electron losses with cesium atoms; the corresponding electron tem¬ 
perature Te is indicated. Also shown for interest are the low 
values of <re obtained by neglecting the elevation of Te. 
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tlirec cale predictions for the average electron density at Cs/Ar^lO'^^xlO"6 

and 10-5 are joined by the solid curve to the code predictions for pure argon 

((V./Ar 0) . Also shown are the predicted electron swarm temperatures from the 

CWO code for the center of the cavity and, for comparison, the predicted 

values of /n \ for T =T . 
> s g 

At low Cs/Ar the predictions for «(ne> from our theory agree well with 

the experimental data but with increasing Cs/Ar the theoretical curve increases 

much too rapidly. We think this is because the electron temperature is not 

quenched sufficiently in the absence of inelastic collisions with the neutral 

cesium atoms. The values for the CW8-B code for T =T are much toe low with 
e gas 

no electron heating. These data certainly demonstrate the critical importance 

of the electron swarm temperature . 

D. Modifications to CW8 Code to Include Inelastic Collisions 

We have reexamined the kinetics of the argon-cesium system in light of 

changes needed to account for A) additional cooling of the energetic electrons 

by inelastic collisions, B) additional cooling of the electron swarm by indar- 

tic collisions and C) increase in the generation rate of Cs+ ions from A) and 

B). 

We shall not go into the complexity of many interactions involved but give 

only our (tentative) conclusions . One of the important considerations was 

whether we had to introduce one or more additional reaction kinetics equations 

to a;count for the presence of the cesium excited states inasmuch a^ these 

could be further stimulated to the cesium ion. We concluded that even with 

some trapping of the resonant radiation, the lifetime of the excited states 

was too short to contribute significantly to the generation rate of cesium 

ions in our plasmas. We plan to add terms to E__ in Eq.(iO) for transfer of 
uo 

energy to both excite and ionize cesium atoms. On the other hand, we expect 

the electron swarm temperature to be sufficiently low that we do not need to 

add corresponding terms to (-¾) in Eq.(l7) uo account for similar reactions 

with the electrons in the high energy tail of the distribution. 

To account for the increased source of cesium ions we intend to add the 

cesium ions produced in the decay of the energetic electron, as an additional 

source term back into the Electron Density subroutine (TELECT) . This term 

may be significant at low values of Cs/Ar where the source rate of Cs ions is 
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t'oinidcrably less than the source rate of argon ions (S1No). Also we may need 

to add a cesium conservation equation to the set of kinetics equations to take 

into account the depletion of available neutral cesium atoms at low values of 

Cs7Ar and at high fractional ionization of the cesium, viz., Cs++Cs=Cs where 

Csq/At is fixed by the cesium bath temperature . 
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APPENDIX A 

ELECTRON DENSITY-TÜMPERATURE CODE 

A-I. INTRODUCTION 

This appendix contains the detail for the Electron Density-Temperature 

Code (CW8). The flow diagrams for the Electron Density-Ifemperature Main 

Program, Fig. A-l, and the Electron Temperature Subroutine (TELECT), 

Fig. A-2, have been referenced often in the body of the report and are 

particularly useful for following the logic of the programs. Listings 

for all of the source-programs for the Electron Temperature subroutine are 

presented in Tables A-I to A-V. For the Electron Density subroutine only 

the listing for the source sub-program EVAL is presented in Ihble A-VI. 

The balance of this program remains essentially unchanged as reported else¬ 

where . The listings of the source programs for the Main Program of the 

Electron Density-Temperature Code are presented in Tables A-VII to A-X. A 

listing of the input cards to this code for an example problem are presented 

in Table A-XI. 

The minimum print-output for the example problem is discussed in sec¬ 

tion A-II and the output sheets are reproduced in Tibie A-XII. Tie inter¬ 

mediate print-output, mainly from the Electron Temperature subroutine for 

the same example problem, is discussed in section A-III and the output 

sheets are reproduced in Table A-XIII. 

The discussions in sections A-II and A-III contain considerable 

physics for here we see the magnitude of the quantities which previously 

could be discussed only in general terms . Also this discussion further 

points out how the numerical solution was tailored to the physics of our 

particulf .r plasma problems . 
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TABLE A-I, Electron Temperature Subroutine (TELECT) 

HdFTC 
C** + * 
C 
C>X>X 

C** ** 
c**** 
c * *#* 
c»*** 
c **** 
c**** 
c*#** 

c**** 
c**** 

TELòCtaS FULlST*!<tFfLECK(M9<i»XR7«CC 

THIS IS THE SLBRCiL T INE TELECT 
GIVEN THE ELECT RCN DENSITY X(l» AND METASTABLE DENSITY X(5) 
AND FIRST GUESS LN ELECTRCN SMARM TEMPERATURE (TELI). THE 
CCMPUTED VALUE GF THE SMARM TEMPERATURE ( TESWRMI IS RETURNED 
TOGETHER WITH THE AVERAGE ELECTRON COLLISION FRECUSNCIES FOR 
MOMENTUM TRANSFER WITH THE NEUTRALS ICFRNO) AND THE lONS(CFPAI) 
(THESE FREO. ARE 2*FKEO. FOR LOSS OF FORWARD VELOCITY) 

SUBROUTINE TELECT(X , TEL I ,TESWRM.CFRNO.CFRAI) 

ICO 
101 
102 
103 
104 
no 
120 
13C 
140 
141 
15C 
151 
152 
153 
154 
155 
ItC 
161 

DIMENSION X(40) 
DIMENSION C(34)fK(5».S(3) 
ÜlMtNSlUN XEÍ 100),CE(1C0> 
DIMENSION im.XAKUCn.GARUOl) 
DIMENSION XE2I101),GE2(10l).EEIIICD 
DIMENSION XLEAÍ1C1),XLEE(ICI) 
EXTERNAL DUMMY,FUNCT 
LCMMCN/CÜM1/X 
C0MMCN/C0M2/NC, AO ,CtK,KM,LAM,S» TAUX 
CCMMLN/C0M3/VINL,VIAÜ,VMNO,MASNC,MASAO,TGAStTSwMIG.DELTE, 

1NSTEPI .NSTEP2,VINF ,NGE,XE,ÜE, K I T,CCNVl,EKM,E16,E2l,PRNT4,KK 
LCMMCN/CUM4/L.XAR,GAR 
DOUBLE PRECISION X 
DOUBLE PRECISION NO , AO,C,K, KM,LAM ,S, T AUX 
REAL MASNO.MASAC 
REAL KB,ME,KK,LEA,LEE,LEAL0S.LEELCS,LEML0S,LSNLCS,LEI.LSILOS, 

1LSTLCS 
INTEuER PRNT4 
NAMELIST/NAM1/XAR,GAR,XE2,GE2,TMID,TELI,TESWRM,ESM,EGS 
NAMELIST/NAM2/XAR,GAK,EEl,LEALOS 
NAMELIST/NAM3/XAR,GAR,LEELOS.EROR,LEMLOS,SOUKCE,SKEF 
NAMEL IST/NAM4/XAR,GAR,EINF,LSNL0S 
NAMELIST/NAM5/XAR,GAR,LS1LCS,LSTLCS,DIFF,C0NV,KIT 
NAMELIST/NAM6/XLEA.XLEE 
C*1.6021E-1S 
PI * 3 • HI 5''EC 
KB= 1 ■3804E-23 
ME=y.iC84E-31 
KK = (2.*ME/MASNCI*NU*5.<33E7 
T E SWFM* TEL 1 
ESM=3.*KB*TELI/(2.*U) 
EGS«3.*KB*TGAS/(2.*C) 
AAa0.3*VINO 
EB = VMNO-V1 AC 
IF (AA-BB)151»16C,160 
EMAX=BB 
EMIL =AA 
CE1=C <15 » *X(5 ) *AC 
CE2 3S(1)*N0 
GU TC 170 
EMAX*AA 
EMIC*bB 

A-L 
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162 Cfc1=SÍ1)*NÜ 
163 CE2*C(15>* X(51*AU 
170 tMN = ESM«-ütLTE 
171 LELE»(EHAX-EM1M/FELAT(NSTEPI » 
172 EfcL-EPIN 

C***« CCKTBCL ARRAY FCR TABX 
180 Eli1-NEE 
181 L(21*l 
182 L(21=1 
183 L(h 1 * 1 
1 8*1 L ( 5 ) * 1 
185 E(71sE(71 
ISO NSl^NSTEPUl 
2CÜ CG 250 NE s 1 «NS 1 
210 LEA = KK + TAÔX(X£*CÈ#EEL»L)*{EEE-EGSI+S(JRT(EEL) 
220 LEE*(1.5^c-5*X( 1)/EEL**1.51*(AEGG(1.25E4 + TE SwRM**1.5/< X(l>1**0.5)) 
22il*(EEL“ËSM) 
222 XIEAINE)*LEA 
223 XLtE(NE)*LEE 
230 XAK(NE 1 =EEL 
¿21 CARINE)*!./1LEA+LEE) 
222 EEL *E EL+UELE 
250 CÜNTINLE 
270 LL TC I 300.278) . PRN T4 
¿78 RR1TE (6.275) 
275 FERMAT(lh .62HELETRCN RE LESS TC N EUTRALS(LEA) ANO ELECTRON SWARMI 

IEEE ) VS KE) 
280 mRÎiE I6.NAM6) 
3C0 NT2*NSTEP1/2*1 
2C2 N ) S T =-2 
3C3 ELPL 1 M*EMAX 
220 CC 3SC NT*l.NT2 
3.30 NTSÏ*NTSW2 
340 XE2(NT ) *E UPE 1M 
350 LE2(NT)*-SIR(OORMY.EMAX.EUPLIM.NTST) 
3ô0 EUPLIM* EUPLIM-2.*CELE 
350 CL M1 NEE 
4C0 LU ) *N T 2 
5C5 TMIO*TABX(XE2 .GE2.EMID.L) 
4C6 GC TC 1410.407).PRNT4 
407 WRITE (6.408) 
408 FERMAT ( 1H ,41FIXAR = KE. CAR* 1 / ( L E Afl E E ) » XE2*KE. GE 2= TI ME ) 
5C5 WRITE (6.NAM1) 
410 CL 450 NT* 1 ,NT2 
42C SAVEX=XE2(NT) 
A 20 XE2INT ) *GE 2(NT) 
440 LE2INT ) = SAVE X 
450 CCNT1NLE 
460 XNT =NT2-1 
47C CELT*XE2(NT2)/XNT 
480 1EL=XE2I1» 
5CC CC 550 NT*leNT2 
510 XAR INT) = ÏEL 
520 EE 1INT ) * TAbX(XE2.GE2.TEL.L) 
53C TEL*TELfOELT 
55C CCNTINEE 
56C L(1)*NCE 



6CC DO 65C NT*l,NT2 
éiC fctl=fcfcl(NT) 

620 0AH(NTI=KK*1 Ab.^ ( X £ , g t » t EL » L ) * ( Ê EL-EGS ) *i»OKT ( tfcl 1 
6 5C LCN l I ME 
660 MST = NSlfcPl/2 
o7C TbPLI^=XAR(NT2) 
öfciC LEALC5 = S1R( DURR Y »0 tlUPLIR.MSTi 
6ö2 GL TO Í700,663»,P«NT4 
6 tí 3 »sRI Tfc ( 6,6tíA ) 

PLHMAÍI1H ,81HXAR=T IME , OAK = LEA(T) 
1ERCP PC ST ENERGETIC ELECTRCNS) 

EEl=Kt;r»,LEALUS*NEUTRAL LOSS 

6ES hRi IE(6,NAM2) 
7CC CC ItO NT* I ,NT2 
7iC EEL*EEI(NT) 

72ClC^!Ïl!EM*ESM'C5*Xtl,/EEL**U5,MAL0G( l'25E4*TESwRM**l-5/(x‘ !»>** 
750 CCNTINLE 

760 LEELC5*SlK(CUPPYfO,TUPLlP,NTST » 
76 5 ERijH = LEELCS*LEALGS-lEMAX-EMIN) 
7 70 Li l ) = N T 2 

7 75 LEMCS = S1R(FUNCT , T P I 0, TUPE I P , T ST ) 
7tí0 SÜCRCfc=CEl*LEELLS*CE2^LEPLCS 
7fc5 SRtE = (Cei*cE2)*lESP-EGS» +SCURCE 
766 GG TC (800,767) ,PRM4 
7 E 7 hRITE (6,788) 

788 FCRMATllh ,93HXAK=T I ME , GAR = LEE(T), LEELCS*LGSS TO ELECTRON SRARM 
1EKCM HIGh-E ELECTRCNS, LEPLLS = EROM MID-E ) 

790 WK1 T E Í 6,NAM3) 
8C0 L( 1 )*NCE 
83C L 1NE*Y INFMESM 

840 LELE*(EINF-tGS)/FLOAT(NSIEP2) 
850 tEL =EOS 
fc 6 C NS2=NSTEP2+1 
SCC CC 990 NE*1,NS2 

910 LEA=KK*TAbX(XE,CE.EEL.L)*(EEL-EGS)MSURT(EEL) 
520 YEL=EEL/ESM 
930 F Y 1 *FLNY (YEL) 
990 YEL=EEL/EGS 
950 FY2=FLNY(YEL) 
560 XAR(NE)=EEL 
5 70 CAR ( NE )=LEA*(FY 1/ESP-FY2/EGS)*X(1) 
580 ELL = E ELIDELE 
950 CCNTINLE 

1000 LSNLCS*SIR(GUMMY,EGS,EINF,NSTEP2) 
1002 CFKNC=LSNLGS/(X(1)*2.*ME*(ESM-EGS)/MASNC) 
1010 tEL=EGS 
1011 GL TL (1100,1012),PKNT4 
1012 RRITE (6,1013) 

1013 FLRMATdH ,73HXAR = E, GAR = LEA(E) ( SRARM TC NEUTRALS), LSNLÜ6* TOTAL 
ISRARM TO NEUTRAL LCSS) 

1015 RR ITE(6,NAM4) 
11C0 LC 1190 N6 = 1,NS2 

1110 LEI = (3.86E-6*X( 1)/EEL**1.5»*(ALUGI l«25E<i*TESRKM4*l,5/IX( 1) )**0,5) ) 
1120 YEL=EEL/ESM 
1130 FY1*FUNY(YEL) 
1140 YEL =EEL/EGS 
1145 FY2*FUNY(YEL) 
1150 XAR( NE )*EEL 

1155 GAR(NE)*2.*ME/MASAC*(ELL-EGS»*LE1*(FY1/ESM-FY2/EGS)*X( 11 
1160 EEL =E EL + OELE 
1190 LCNTINUE 
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1200 LSILCS*SlK(DUÍ'MY.fcGS*EINf*»NSTÊP2l 
1202 CFKAI*LSILCS/(X(l)*2.*ME*iESM-fcGS)/MASA0) 
1210 LSn.CS*LSh<LCS*LSlLCS 
1220 LIFF=SCURCE-LSTLCS 
1230 tCNV= (ABS(CIFF)l/SCURCE 
1235 TESWRM*2.*ESM*C/(3.*KB) 
12^.0 KIT-KIT-l 
12^1 GG ÍG ( 1250.1242» .PRNT<. 
1242 WRITE <6,12431 
1243 FCRPATÍ1H »85HXAR*E» GAK*LEI(EI(SWARM Tü IGNS), LSILCS=TUTAL SWARM 

ITC ICN LOSS. LSTLC5*LSMCS + LSILCS » 
1245 WR IT E(6.NAP5 » 
125C 1F(CCNV-CÜNV1I14CC,1400,1280 
1280 IF<KIT)12S0,12SC,1300 
1290 KR*2 
12S1 TESWPP*TELI 
1295 GG TC 1400 

13C0 ESS = (SREF*<ESM-EGS»/(LSTLCS“<SGURCE-SREF1))*EGS 
1301 IF(tSS-EGS-0.05I13C3,1302,1302 
1302 ESSsSüKT<SULRCE/LSTLCS»*<ESM-EGSI*EGS 
1303 ESM = E SS 
1310 TESWRM~2»*ESMWL/(3.*Ktíí 
1340 GC TC 170 
1AC0 RETURN 

ENC 

IA.BLE A~II. Nuro.erical Integration Routine (SIR) 

tlbFIC SIK1CW8 FüllST.KEF,ÜECK,M94,XR7,CC 
SINFSCN RULE INTEGRAT ICN 
XLCLLM.UPLIM ARE LGWFR AM UPPFR LIMITS,RESP. 
NSTEP IS KLMHER CE STEPS ANC MLS1 HE EVEN 
F IS FUNCTION ÜF L NE INDEPENDENT V AR IAÛL E TU HE 
INTEGRATED.F MUST HE A FCKTRAN DEFINED FUNLTICN 
LR A TAHUIAR FUNCTICN STCREC IN /RRÛYS XAR.GAR. 

FINCTICN SlK(F,XLCLJM,UPLlM,NSTEf) 
C 
C 

S I P = c. r 
If (LPL IM-XLCLIM) 3,10r,3 

3 XN=NSTFF 
LEL=(LPLIM-XLCLIM)/XN 
V1=F(XLCLIM) 

5 CL 18 1 = 1,NSTEP,2 
X 1=1 
Y2=F(XLCLIM*X1*CEL) 

If \3 = F< XLCLIMMXHI.CO »»CED 
15 S I R = S I R + Y1 + 4.0 *Y2*Y3 
16 Y 1 =Y 3 

S IR = ÜEL*SIR/3.0 
UC RETLRN 

ENC 
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A-III. [Pabular Function Search (DUMMY) 

fUUSI-«fOECK,H,«.*R7,DC 
fLNCTlCN CLMMY(íkg) 

CIMrNS 1CN XíK ( Kl» ,G4R( K 1 » 
C**## CLA'^ü,v/t CMl/X/R ,GAR 

ir ce ¿or i = i,m 
tí 1 = I 
Ih(XAk( I + l )-XAR(l ) Jíf »?rCfl¿ 

U Irclr íHS<MR,l4l,-XAP<n)/(5.rt f*tíl) 
T ES U * XAK(I♦ 1 )->ar(1> 
GC rn 15 

2CC CfMlNLt 
GC TO 3C 

15 GC 5 1=1,101 

IH AfiSfAKC-XARUM-TEST) 20,¿o,;« 
25 If ( Em 1 )26,30,27 
26 If ( ARC-XAR ( I ) ) 5f nf ?r> 
27 IF (ARG-XAR( I) ) ^0,20.5 

5 CCMlNLt 
30 CLRRY=ARG 

m —> 

™U,r’45hX "C' ,N UtLE* CLXMVIXI ROT RFTURNArtLh ) 
20 LLFRY = GAR ( I ) 

Ht. TGRN 
FM 

action Interpolation (FUNCTI 

MtíFTC FCUChtí HJUST,REF,DECK,M9«,XK7,Ci; 
KNCTICN KNCTIARG) 

CIRENS ILN IA(7) ,XP2fR151) ,XNRFR( Í1 ) 
CGFRCN/CCR2/LA,>R2FR,XNRFR 
FLNCT = TAdX(XR2FR,XNRFP,APG,LA ) 
I=L A(6 ) 
GC TC (17,20),1 

10 RETURN 
20 míe (6,21 ) ARG 

¿I f-CRRAin^CLXtRAFLLATICN CCCLRRf [ U UH AKG= .F2-.0I 

ENE 

• IbFIC FNVlCwa FULISr.(<EF.0ECK,M9«,,R7.co 
FUNCTIGAí FUNY(AK(j| f.CO 

FUNYx2.073*ARG**0.5*EXP(-1.5*ARG) 
RETURN 
END 
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TABLE A-VI. EVAL Subroutine for Electron Density Subroutine 

c EVLICW 

SLBHOüTIjNE E VAL ( P f G ) 
CÜUBLE MECISICN X ( ) , P Í 40,41 » , CUO > f L AMSNU 
CCUÖLE PRECISION LAP, NO »CI 34>, AO ,SI3I,K(5), KM,TAUX,TEM(6) 
C0PPCN/CCP1/X 
tGPPON/COM2/NO,AO,C,K,KP,LAM,S,T/UX 

C EVALUATE FUNCTIONS AND PART IALS 
C VALLES NEEDED TFRCLGHCLT 

L AMSNU»LAMLAM*NO 
C FIRST ECN 

Gm=xm-x(2)-xm-x(6i-xm-xm 
FU . I ) = 1.0 
F( 1,2 I =-1.0 
F(1,3) =-1.0 
P< 1,4 ) = 0.0 
Fn,5) = c.o 
P(1,6 ) =-1.0 
P( 1,7) =-1.0 
P(1.8)=-1.0 

C SECOND ECN 
TPM 1 ) = K ( 1 ) /LAMSNC 
TFM12) = C(4)*NC*1.0D-10*NG 
TEM3) = C( 5)*NC*l.0D-10*A0 
1EM4) = C(23)*NC*l.r0-10*AC 
TEP(5) = C(24) * AC *l.OD-10*AG 
G(2)3S(1)*NC-TEP(l)*Xl?)-Xlll*X(Í)*(C(1 ) 

1*0(2)*NC*1. CU-10 ♦ C(3)4X( 1)*1.CL-10) 

2- TFP(2)’t‘X(2)-TFPI3)*X(2)-C(6)*AC<X(2)+C(7l*X(5)*X(t') 
3- TFM4 l-TEM 5) 

F(2,l)=-C(l)*X(2)-C(?)*NC*1.0D-lC*XI2)-2.0*C(3)*X(l)*l.r*D-ln*X(?) 
P(2,2)=-TEM1 )-U1)*X(1)-C(2)*NO *1.0D-10*X(1)-C13)*X(1)*l.no-in*x( 

1 1 )- TEM? J-TEMI 3 )-C(é )*AO 
2-TEP(4)-TEM5) 
P(2,3 ) = 0.0 
M 2,4 ) = 0.0 
F(2,5)=2.0*C(7)*X(5) 
P(?.M = 0. r 
P(2,7 ) = O.C 
P(?,fl) = O.C 

C THIRD FCN 

TFM 1 I =(C( 1 )+C (2 )*NG*1 .CD- 10 )*C (0) 
T EP( ? ) = C(3)*C(8)*X(1)*1.0D-10 
T(:N(3) = TEMIMTEMm 
C(3)=S(2>*NC + TEM(3 )*X( 1 )<tX(2)-X( 4)/TAUX- 

1C(‘¿ l*MJ*X(4 ) 
F(3,1)=X(2)*TEM(1 ) 

1 + 2.0*TEM(2)4X12 ) 
P(3,2)=X(1) * TEM( ? ) 
F(3,3) = O.C 
P( 3,4)=-1.C/TAUX-C(S)*NG 
F < 3,5 ) = 0.0 
P(3,é ) = 0.0 
P13.7) = 0.0 
P(3,0 ) = C.C 

C FCLRTH EON 
TEM 1 )=KP/LAMSNC 
TEM(2 I *C(10)*(C(1)+0(2 »♦NG*1.00-10) 



TfcM( n =C< 1M*N01 .C0-1C*NC 
TE^(4) = C(in)*C(3)*X(1)♦!.OD-in 
TFM55 = TtM2»+TFM(A J 

C(^)?S(3)*NC-rtW(n*X(5)+TEMÍ5I*>(l)*X(2l+C(ll)*C(l6)*X(3|*X(ll 
1-C( 12)*X(5l*X(5)-t< 13J*NC*X(5)-C ( 1 5 J *AC* X ( 5 )-T F K ( ? > *x ( «i ) 
?-C(?5 ) *AC*X(5 I 
EÍAf I )=TEfM2)*X(?)+C(ll )*C(16)*X (3) 

1+2.0*TCM(A»«X{?> 
P(A,?)=ThM(5»*X(l) 
F(A,3I=U11)*C(16)*X|1) 

= (1.0 

13) ♦Nc-r 11 s i «ao-tl^ ( 3)-c ( ?h > mo 

Pía. 71 = c'.r 
>• ( a « 3 ) = n. ^ 

C FIfTF FCN 
T F ^ ( 1 I = K ( 2 ) / L A V S N (J 
fFVi?l =U A .CC-10«-NL 

C(b)=-nM n«X(3)-CUft)*X(n*X(3)fTtMi?|*X(2)-C(17)«Ar*y(3) 
1+( ( ^ ) * N( * X ( A ) -C ( 2 (. ). * A C * X ( 2 ) 
H 5 . l 1=-C( It )»X(3 ) 
P ( a , ? ) = T t M I ¿ ) 
FÍA. 1 )-(, ( ]M<<X( 1 )-C( 17)*fC-C(?6)*AG 
P ( 5 * A ) = (, ( c, ) * Ml 
i: ( b, A ) = 'l 
F ( b t M = ' . C 
F ( A, 7 ) = r.r 

FÍA,») = C.C 
c F ixTh rcr\ 

1 F M( 11=K n 1 /LAMSNC: 

HM2) =C( .OL-in + r, (?2 l^Xi 1 )*l. A|)- 1 o 
TFEÍ3) =C ( 2^ l*AO 1 . OD-1 r*KL 
I EM ( A ) = C < 27 ) *NC*1 . CD-ir*N(j 
TLMÍ5) = CI 28)*AH*].nü-ir*NÛ 
TFMÍ6) = C < 32 l-^Ol . ro-1 r*NC 
G I M ) = - TFM ( 1 l*X(fl-X(n*X(6)*ThM( ;)-TFM(3)*X(M+C(6)*Ar*X< 7)+^( 17)« 

1 /'OX I 3 » +G { 1 5 )*Al ** ( 5 ) 

2-TfM(A)«x(6)-TFM(A)^X(ò)4C{31)*NC*X(8)+TEM{fe)«X(8) 
P(t;tl)=-X(6)*(C(lH)+C(lc/)*NC*l.n(-in4.2#n*c(22)*X(l)*l.nn-ln) 
P ( F » 2 1 =(. ( 6 ) ♦AT 
Í: ( b» 3 ) = ( ( 17) ♦AC 
(: ( b * A ) = r.r 
P(6 « A ) =C ( 15 »♦An 

F(6f6)=-TEP(n-lEM(2l»X(l)-TEM(3)-TFM(A)-TEM(5) 
P(fc*7) = n.n 
P(6,8> = Ci 31)4TEMÍ6) 

C SEVENTH FCN 
TEE ( 1 ) = K ( A) XLAHSNí! 
TEMÍ2) =C(2C I *Af♦ I .CO-10*NC 
F FM(3 ) = C{3A)♦AC*NL*1.CD-10 

C(7)*-n-M{i)*xm-C(21l*X(l)*X(7)4TEM(2)*X(6) 
1-C(29)♦Nf*X(7)*C(3 3)*AC*X(fl)+TEM Î3)#X(8) 
FI7.1)=-C(?l)*X(7) 
FÍ7.2) = C.C 
P(7 * i ) = r.c 
P( 7,A) = (1. G 
PÍ7.5) = 0.C 
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H 7 » 6 ) =TEM¿) 
P<7,7)=-TtM 1)-( (21 )*Xm-C (ZS)* re 
P(7,fl) = Cm)*An*TEM3) 

C t I r H T h FCN 
TFML) = K(«:)/LAKSNC 
TfM?) = r.( 23)*AC*NC*1.0C-in 
7(^(3) = C( Z7)*NC*NÜ*1.0C-lr* + C( Z n*Ar*KG*l.n|j-lo 
7^(^.) = C(31 ) *NC + L ( 31)«AC 
7FF(1)) = C(:j?)*NG*NC*1.0C-LO + C( 3¿)*AC*Nn*l.r,D-]0 
G(8)=-n M( 1 )*X( P)-C( 3 O ) * X ( 1 ) * X ( 8 Í*TEN,(2)*X(Z)*TFM(3)*X(6) 

I ♦(.( 26) *AC«X ( 31 ♦f.( 29)*Nf;*X( 7 )-TEM (A) *X( H) - 7|:M< b) *X( 8 ) 
?♦€(?5I*AC*X(5 ) 

P(P,1 ) ^ -C( 3^ ) *X(8 ) 
P ( F « 7 ) = 7E 8 ( 2 ) 
P(8,3) = C(26)*Ar 
P < 8 * 4 ) = 0. C 
P ( P,8 ) = c(25)*Ar; 
P(P,M = 7E 8 ( 3 ) 
8(8,7, = C(? S)* K C 
P ( 8,8 ) =-7E*( 1 )-0(3^^(1 )-TEM<<, J-7EM( 5) 
PE7U8N 
EM7 
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TABLE A-VII. Electron Density-Temperature Code (CW8) 
-Main Control Program_ 

»IBFTC 
( *« * ♦ 
t «4 M 

C 
C*4* ♦ 
C*4>4* 

C«*** 
C 4 4 4 4 

MNL9CW6 FUL I ST.REF « DECK «M94♦XR7«DD 

TMS Ib Hk MAIN RKOLKAf KiF iHfc fcL ECTRLN UEN S11V-T EMPE PA TURE COUfc 

HEÍCTILN KINETICS SuEKLUTIKE 
ELECTRCN SMA PH TEMPERATURE SCBKUUI 1NE 

KüM IN 
TELECT 

L IMENS ICK 
LIMENS 1CK 
CIMENSILN 
LIMENSICN 
U PEASiCK 
LiPENSUK 

150 ) 
L 1HENS 1C K 

KP 

C 4*4« 

C * * * * 
C 44 4 4 
C 4 4 4 * 
C 4*4* 
C 4 * 4 4 

L*44* 
CM** 
C 444* 
C 4 4 4 * 
C * 4 4 4 
r***4 
[4*4 * 
„4*44 

10 
11 
i¿ 
IJ 
15 

AUC) »I iUt ( 1¿) Tl 12) 
CI3AI,K(5)tS13) 
AE(IUO),UE1ICC) 
K S1 5 ) «K 11 5 ) 
U7i , A AK 1101 ) «GAK 110 1 ) 

K¿ 1 50 , f-RR2 ( 50) » A SR (50) » ANK (50 «XTKlbOJ «XCF NQ(50),XCEA11 

TELIA(É),¿NEA(7),ALFA(7,6) 
CCMMCN/CC Hl/X 
UPHCN/CCPï/NU , Au «C ,K , KP, LmP , S, IALX 

V1*Ü,V*NL’*'ASNL,MASAÜ'TtiA;> SmH1G,CELTE, 
îïirífc^¿,VlNF,NWE'Xfc »üt*KIT »LÜNV1,EKP,Ei6,t?l,PRNTA, 

CLPPÍ K/CCPA/L »X/R.GAK 
CCPHCN/CLM5/T ti IA,2NeA,ALEA 
CUL EL E PREClSluN X,EPS 
CCCBLé EKELlSiCN NU,AL,L» K,KP ,LAM,b,I AUX 
LClElE PKiClSiüN KS,KMS,K1,KM1,C3S,C16S,C21S,C22S 
real pasnc.pasac 
INTEGER FPM1,PPM2,PRM3 .PPNTA ,kTN 
NAPELiST'GLESS/X.fcPS.PRMl.FKKTZ.PKNTa.FRNTA.NX ,Nt)E,NSK 
KAP El IST / INPLT/NU,AC,C,K,KP «LAM,S,TAUX, 

IVlNü,V1 AC ,VPNG,MASNC,PASAC, 
¿luAS,1SPP1G,LEL TE,NSrEP J,NSIE P2 , 
3UNF »KIT ,M I5,ùlt-CLN,PKCN1C ,CCNV1, 
AEKP,E16,E21,L, 
ÎPRPT.MCPE 

NAM EL IS T/MAP 1/K,KP,C,AL,NL,CAC22,NR2,S 
NAPELlS I/MAM2/K1T,TESMKP,TLL1,U1FI,PRCNIE,NIT 
NAPEl1ST/MAP3/NR2,TEí*RM,1EL1 ,ÜIFT,PKCNTE,KI T ,CFKNC,CFRA I 
NAPELIS1/PAPA/C22LUS,C2CLLS,UIFLuS,UIFFRN 

PRM 1 AM PRNT2 (al) 
( *2 I 

PPN13(lsNC,2sYES» FCR 
FPNlAI1»nü,2*YES 1 FCR 
NX * NL LF KINETICS 

NC FUR INT EK MECIATE KINETICS 
YES FUR I NT EK Mt CI AT E KINETICS 

1NTEKPÈOATE pain uctput 
I N T EKPE OI A1 E TELECT ÜL1PCT 

ECLAT IÜNS 

CUT PUT 
UUTPUT 

NCE* NL UF X-SEC1ICN INFLl PUINTS IN XE-UE ARRAY 

MCKE*2 SIGNIFIES END LF PPUEL EM 
MLR E*1 SIGNIFIES REPEAT - CHANGING 

CNE A-KECUftU CARO (SCBTIT) 
LAST SCB-INPLI SFÜCLO SET PURE*2 

PfcAC ANL MRJTE TITLE CF PRLBLEM 
RE AC(5,I) Il IT LE 
FGFMATUÎAé) 
RFACIS, 1: I SUBTIT 
FURPAK 12A6) 
MRíTE(6,)6)11TLE,SLBÍit 

LN L Ÿ NE« INPUT OAT A 
MUST PR EC EE 0 EACH SUB-INPUT 
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16 hUHMAlMMt¿OXtUAe/21*,12Ati 
K t /1 AN L IiKITE GUtbS (ÜF ÜENSHV OF FLA SNA SPtCIES) 

¿C FtAC45,GLfcSSí 
2t¡ hSI It (6 ,CUSSI 

C *«*• 
C*A** WRlIt r.LLLlSiCNAL KAÜIAIIVt KECCMttlNATlGN RATtb (tíATtS,ET AL» 

kR 1 TE(6 126 t 
¿6 FORMAT! ]FC » 78F INPliT FCR CLLLISICNAL RAOIATiVE RATES ALFA ( I » J) F CR 

11E-ULI/UI ANL NE'Z*EA< I» » 
!.RlTfcí6,27MltLlA(J),J*l.t» 

27 FChFAM JFC*SA,6E1C.2 ) 
mR 1 T t ( 6 »2 E ) t ¿Nt A ( 1 )( (ALFA! 1 » J ) * J*! »6 ) f 1= 1»7> 

¿tí FORMAI ntlO.2) 
L**•* CONVERT AlFACI,J| TC CCFKtLTlCN FAtTüK Tü ANALYTIC C<22» 

LU 29 l>lf7 
/i\ t = ¿N fc A 1 1 I 
CL 29 J * 1 »6 
IEA-TLL 1A(J ) 
ALFAli,.)«(ALFA(1,Ji*l.CE10/ZNt)/FC22(TEA ) 

29 CONTIFOE 
RR11t(6 «2 7 MTEL1A (J )t J=l. 6) 
VKITt(0 ,26 MZNtAm «(ALFA U , J }, J=1,61,1 »1 ,7 I 

C***« REAL AM WRITE CROSS SECTIONS 
20 REAL (5,21)UE(H,ÚE(N) .N*1,NCEI 
31 FCRFATUE12.6I 
9C hR ITt(6,A] MaEIM ,uE(M »N = 1,NCEI 
^1 FORMATi 1 tC » 54Fi INPUT FOR NtOÎRAL SCATTERING CROSS SECTION XE(N,CE( 

11)/(2E2C.El ) 
R EAC ANC WRITE SOURCE ülSTklòLTICN FOR CJFFLT AT IONS ALONG RADIUS 

CA*** rFEN NSF .GR. C 
A2 IF (NSR ) SO, SC,A3 
Ai REAC (5,A<)(R2(M»FRK2(M »N*1,NSRJ 
A9 F0RRAT(6U2.6) 
Ai WRlTt(6 ,A6)(R2(N)«FRK2(N)«N = 1»NSRI 
At FORMAT!1FC,S6HINPUT FOR SOURCE DISTRIBUTION ALONG RADIUS R2(I),FRR 
4712( I)/(2E2C.E)J 
SC MLREa 1 

C A * < A 
CAWW* RtAC ANL WRITE INPUT FOR KINtTICS SLÖRULTINE (NONLIN) 
CAAAA RE AC ANL WRITE INPUT FOR TERRER ATORE SUBROUTINE (TtLECT) 
CAVA* 

6U PE AC (S,INPUT) 
7G WRlTfc(6«INPUT ) 
71 MOP EA = 2 
72 MT»M1S 
T2 NR¿ *1 
<4 LP=NSP 
U IFITSWRIGI 17,77,EC 
77 MORE A* 1 
7ö 1SwMIG* TESWPM 
EC 1F{T jWM K-TCAS ) 9C,9C,120 
SC 1SWM1CMCASUC0.G 
S2 GO TC 12C 

C*A** SAVE KINETICS INPOT 
12C KMS * K M 
121 L3S =0(21 
1<2 UiS = C( 16 ) 
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U3 
lí* C22S*íliíl 
1¿3 CU TL I 120.1¿¿I .MCKEA 
nt ¿ii»su ) 
127 ¿3 í* SC 3 ) 
i2t lü 135 M-1,5 
131 KSCKT)*MNn 
135 LLMÍM£ 

L**** ACJIST ClfFLSlLN CLtFFIUtMS FCK I GAS 
140 KHl»KAS#U&AS/300.)**fcK* 
15C LL 155 M * 1 » 5 

Kl(NT)»Ki(NT)*(TbAS/JOC . ) 
155 LCNTlALt 

C**** SET TRIAL VALUE UF ELECÍRLN SRARM TEMPERATURE (TELI) TU 
1RFLI FIRST OLESS VALLE íTSfcMlül 

160 1ELI»TSVMÜ 
161 KITSxk'I 

C***# 

t LUER ITERAI ICiV LN ELECTKLN SRARM TEMPERATURE 
C<<** LAlLS SCEKUUKVE NÜNL IN FLK ELEUTRUN ANU METASTAbLE ÛENS1T V 
<:♦*♦* lite inflt AUJLSTEO fck trial VALUE ûf teu 
C*«** CALLS SLtíkLuTINE TeLECT FOR ELECTRUN SmARR TEMPERATURE 
(•**** fur input lf electrln density anu suurce rate 
(.**♦* ITERATICN LCUNT LlMII IS MT 
c **♦* 

C**«* ADJUST INPUT Tu NLNL1N FUR TELI 
16V UL TU (2CC.17CI.MCREA 
llC KP = KM 
171 LU 177 M*l,5 
175 MM|*K1CM I+Í1. + TELÍ/TCASÍ/2. 
177 CUM IN LI 
175 LAU22zI»C 
1EC L(<4 »*FC22íTtU»»LAL¿2 
161 U3I -LC22I 
lfc¿ Lt16 J*L16S*C3C0»/TEL1I**E16 
1E3 U 2 17*C 2 IS* I 200 ./TEU MAE 21 
1E5 CU TU (155,Iflti.PKNT3 
166 rKITE (6,107 I TEL i 
1E7 FURMAT(1FC,56HREACTlUN RAIE CCEFFIHENTS ADJUSTED FOR IESnRP * TCL 

11 * ,E12.7,2tH (C22 FROM ANALYTIC EXP.I) 
15C M<irtC6,MAH) 
155 LALL NCNLTNCNX.A.EPStPRNT 1,RTN) 
2CL KM «KM 1 
¿Cl KR» 1 
2C4 LL 2C7 N T*1,5 
¿C5 K(M )*Kl(M 7*(1.fTELI/1GAS)/2. 
2C7 LL NT 1NuE 
2C8 /EL*A (1 I 
2C5 CAC22*AC22(TELI,AEL) 
21C L(¿2)*FC22(TELI7*LAC22 
211 C( 3 I 3C ( 2 2 ) 
412 LI 16)*l16S*(3C0./TF.L1 l**E16 
213 L121I*C21S*(3C0./TEL1I**t21 
215 CU TC (221,2161.PRNT3 
216 »KITE (6,211 ITELI 
217 FORMAT!1FC,56FREACTlUN RATE CCEFFIC1ENTS ADJUSTED FOR TESwRM = TEL 

II = ,E15.7,23F (C22 FHCM ALFA TABLE)! 

A-iL 



kkC I It(6 1 ) 
22C CALL hCMlMMfX,EPS,PRMl.PTM 
¿AC CALL TtUCKX.TEL l,TESi»RH,CFRNO,CFRAn 
¿At GC TL »KR 
¿50 L1*-1-1E StaFR-TEt I 
251 AC 1H-AESICIFTÏ 
252 FRCME»ALlf I/TESWRH 
25A NM1*M1 S-MT + l 
255 Gu IC (27C*25ò ) »PRNTá 
251 RWlTfc (¢, 257 ) NM1 
257 K,RHAl(lK,3tMrALOF.S FLR 1RIAL NURbER ON ItSwRM = .14» 
260 (*R i IE »6 »RAR2 » 
¿1C Ml»Nll-l 
2bC IH AC1H-C IFCUNI 4CC.4CC.2SC 
2SC IF (PRCM t-PRCNTC) 4C0.4C0.300 
30C IF ( Ni T I 450.45C.310 
*10 IEL i*TES»FR 
320 GL TC 2CC 

(.**** 
4CC hR 1TE(6.4C1 JNMT 
4C1 FCRMA1(1FC.44F1TERAT1CN ON UShRM COMPLETE CN TRIAL NO. = ,14» 
402 «RITH6.MAM3» 
4C4 IELI»TES**FR 
4C5 KM*' KR 1 
4C6 CC 4CE M* 1,5 
4C7 K(M»«KliNT l*(l.>TELI/TGA5»/2. 
4Cfc COM INC E 
4CS xtL*X(l ) 
410 CAC22*AC22CltLI,XEL» 
411 Ci22)-FC22UELU*CAC22 
412 ) 
412 Cl 16»*C 16S*(3C0./TtLI)**E16 
414 CU1)*C21S*(300./TELI »♦♦fckl 
Alt fcRIIfclò.MARli 
420 CALL NCH IMNX, x.EPS.PRMa.RTM 
421 C¿¿LCS*x(l)4x(6»*C(22 »♦>(1»*1.00-10 
4 22 C2CLu$*C(ÍC »»AC^l.CC-1C*NL*X(t) 
4 23 Li FLOS* (M* >/(LAM*LAM*NL» »*X(6» 
4 24 ClFFRN*C IFLCi/(Dl FLOi>40 2210 5 + 02 CLUS» 
425 RR 1 11(6.MAM4) 
43C CO IC 5CC 
45C RR IT E(¿ ,46C) 
46C FCRMAT(1FC.21F1TEFAT1CN CCONT tXCEEOEC ON MT) 
47C CC TO 5CC 

476 FUPMAT( UcîsOFITtRATILN COUNT EXCEEDED ON KIT, GU TU NER PROBLEM) 
47/ GC TU 5CC 

0444# REINSTATE INPOT 
500 KH*KMS 
510 0(2» *C2S 
520 Cl 16)*C JtS 
530 0121 i*CiIS 
54C C(22)*C22S 
542 KIT*KI15 
550 EC 55S NT * 1.5 
552 M NTi*KSINT ) 
55^ 0 Ci NT 1 NOE . -.c 



ïtQ IMLK-lltCC,í>6¿,b6k 
56 2 XSH(|»S(U 
564 >NK(NR2)*xm 
566 XlrtiNRiJ«TfcShKM 
56b XtfNòiNftí |*CfRNO 
57C XC6AKNR2 l-CFRAI 
511 NK2 *NR2♦1 
512 L«»LH~1 
572 IFlLH-iliéStSI^.SI^ 
574 i( 1 l = SlS*F*«t-2(NH2) 
575 5(2)-535^1.2(^J 
576 ULl-lESbRM 
577 MÎ-NI1S 
56C NR22-NR2-1 
501 nRlTt(fc,16)îiTLE»5u0TIT 
562 hRlTtlÉ,5É2)NR22 

564 ^f<ïiîT2C00,12HSCLLTICN í‘OR,I3,31H AGREMENTS FREM CENTER CF TUBE) 

565 mR ITt(6 f 16 )T ITlE «SüâTl T 
5E6 teRl !cl6t56fa) 

«Í !ïíïí!í1îS:í5'’Sl^''**, 0f C'STdIBUTICNS 41.C«G «Ad Gi OF IUBEI 

5S1iî?ï?^Ti SHf,Aí¡KS,Cf»llJI»9HSUURCE/NC, 11X, 10 HEL-DENS I TY.IOX, 

5<;>1ÎÎÏÏtTlfcÏÎ!îüiùîït,l7HîV,CtL,FP'“NEljTS,,3X,l5HAV'CCL*FH*“ICNS» 
5S¿ ijRl It(6»5SJ ) (R ¿(NI tX5K(MtXNR( M » X TR( N », XL FNO ( N) «ACFAl ( N ) * M 1, NSR 

5S3 FCRHATI6E2C«Ü) 

54<<1N5R |k *7 ,i9i *aSM A 1» XCFNC( H tXCFAHl )f (K2( M fANKINl f XTR( M iN-l ( 

555 Formai(13/(6E12«5I1 
556 CU IU (544,597),MRRT 
547 6(1)-515 
54t 5(2)-535 
544 OC TC SCC 
ôCC OU TC(6 )0,1C)«MCRE 
CIC RtAC15,6l) I5CBTIT 
611 FORMAT( 1 2A6) 
615 RR 116(6,161 TITLE, SUBUT 
62C RE AC(5,G LES 5) 
622 RRATE(6,GLE5S) 
6 20 OC TC 6C 

END 
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TABLE A-VIII. Block Data Input Statement (at Compile Time) Dor 
Collisional Radiative Recombination Coefficients 
a(tic^e) 

MBFTC tíüT2CW8 FULI ST .REF ,OECK ,M94,XR7,Ü0 ---- 
BLOCK DATA 
01 HENS IUN TEL 1A(6)»ZNEAI7), ALFA I 7,6» 
CUHMON/COHS/TELlAtZNEA,ALFA 

ÜATÍÍÍNpíí!í,|¿r¿I?¡/2?0#'500,,l000,,2000'»4000-»8000./ 
M 3T? ícEíí 1 *'ÍÍLFA II,J*,J*i,6,*I*l»7,/l*0E*8,7.8E-il,l.2E-l 1.3 2E- 

*6*AÊ_i3,3*3fc“13*i*0E*9*3,8t“10*3.3E-11,6 Ofc-17 1 Hpli? 
27. it-1J,3.66-13t i .og + ¿o, 2.8E-9* 1,5E-10* 1 «6E-11 « 3 IE-12 0 ftp * i ^ l. i 
3fc-13.1.0EMl,2.7E-8,1.0E-9,6.1Ê-ll,7.iÊ- Z.lîôE-lÎ b fi 7 net; 
^2.6E-7*9.0fc-9.3.6E-10.2.4E-ll,3.2E-12,7.4¿- 3^.0EM3 7 Z « Íp 

6E-I0,4.0E-11*3.2E-12/ »‘«oc f*¿.9fc-H,9.4 
END 

TABLE A-IX. 
Function Sub-pro,¿ram for Double-interpolation on the 
-Double-subscripted Array AC 22 (TE,ZNE). 

HBFTC A221CM8 FUL IST tREF »DECK*H94*XR7,DD 
FUNCTION AC22ITE.ZNE) 

CnilMnN/r^MK yrc * *TEL IA<6* »ZNEAI 7» » ALFAf 7*6) 
C0HM0N/CUH5/TELIA* ZNtA*ALFA 
LA(1)«6 
LA (2) * 7 
LA(3)*0 
LA I 4 ) * 1 
LA(5) *1 
LAI7I-2 
LAI 8)>2 
LAÍ9I-7 

AC^TABXZatLU.ALFA.ZNEA.TE.ZNE.LA, 
I*LA1ó I 
GO TO I 10*20*20,20»,I 
RETURN 
MKiTE(6*21) AC22*I 

^tIUKN<1Hl,35HEXI*AI’OI'AT,ON N,TH *C22 4N0 *-*<61 
END 

10 
20 
21 

= ,£20.8,15» 

.TABLE A-X .-tion^tatement _for Ajial¿d;ic Approximation to C(22) . 

,I(ÍFICcí:ÍÍÍVh? FULIST tREF,OfcCK,M94*XR7,00 
FUNCTIUN FC22IARCI 

FC22»2•6CE-09*(250./ ARG)/»t j. ■»in 
RETURN 5- iNote : Scaling factor of 1C 10 in code.) 
ENO 



T/VELE A-XI. Example of Input (Cards) to Electron Density-Ttemperature Code 

Gas: Neon-Argon, Ar/Ne = l.OxlO“^ 

Pressure: p = 90 torr, N0 = 2.9 x 1010 sec-1 
_ Reactor Power: 1.0 MW, » = O.72 x IQ^cm-gsec-l 

«DATA 

RUN 109.7 ELECTRON DENS. + TEMP. M-WAVE CAV-14 RUN 64 
RUN 109.7 S=1.300E-3*NO TGAS*40S OK TSWM1G=600 OK 

'6GUESS X(1)«1.0D12»1.ODIO»?.0D10« 2.0003 «2.0D11«1.0D12.].0D09|33*0.0. 
EPS =1•OD-6.PRNT1 = 1, PRNT2=1 » PRNT3*2« PRNT4*1 . 
0.260 
0.800 
0.300 
0.810 
3.000 
6.250 

1.00 
0.3415E 
0.6820E 

E-01 
E-01 
E—00 
E-00 
E-00 
E-00 

E-03 
0 
0 

0.456 
0.721 
1.100 
1.480 
1 .890 
2.060 

1.OOOOE 
0.9574E 

E-16 
E-16 
E-16 
E-16 
E-16 

E-16 
0 
0 

0.400 
0.150 
0.400 
1.000 
4.000 
6.760 

0.1145E 
0.4550E 

E-01 
E-00 
E-00 
E-00 
E-00 
E-00 

0 
0 

0.541 
0.880 
1.200 
1 .550 
1.960 
2.090 

0.9955E 
0.9194E 

E-16 
E-16 
E-16 
E-16 
E-16 

E-16 
0 
0 

NX*8 » NOE*17» NSR=11 S 
0.600 p-01 0.639 E-16 
0.200 E-00 
0.490 E-00 
2.000 E-00 
5.000 E-00 

0.960 
1 .270 
1.780 
2.0? 

E-16 
E-16 
E-16 
E-16 

0.2280E 
0.5685E 
0.9090E 

0 
0 
0 

0•9818F 
0.8634E 
0*5371E 0.7837E O 0.7955E O 0.6744E 0 

1.0225E O 0.3990E 0 1 « 1360E O 0.2809E 0 
$INPUT LAM = 2•016D-01 » TAUX=5.00D-OR» KM*5.50D18» 
K = 5.70D18 »9• 10D18.1•COD 19«9.50D1Q»C.OODOO, 
S=1.3000-03.0.0000-03.0.6050-03. 

C = 3•20D-12.2.70D-20 « 1•08D-09.5.Q0D-?2.5•00D-22«4.000-13«8.OOD-10. 
1.000-01«8.000-11.1.000-01.5.000-01.8.000-10.1.840-15.5.000-24. 

1.800-11«2.200-07.4.000-13«4.000-12.2.700-20.2.500-21.6.700-07, 
1.080-09,12*0.0, 

n 
0 
o 

N0=2.90018, A0=2.90014, 

V IN0 = 21.56, VMNO=16.68« VIA0«15.76. MASN0*3.371E-26« MAsA0 = 6.671F-26. 
TGAS*405.0. TSWM1G = 6C0.0 « DELTE*0.01, NSTEPl* 40« NSTEP?= 40« 
Y INF*12.0 , K IT=10 .NlTS=lO .D!FCON= 5.0, PRCMTC = 0.05. CONV1=0.05, 

EKM = 0.73 » E16*0«333. E21=1.50 » L(1 )=0 « 0,0 « 0 «0 « 0 » 2 » MRPT=1 . M0QE=1 T 
RUN 109.7-REPEAT LAST POINT ABOVE (NR2=ll) WITH FULL PRINT OUTPUT 

«GUESS PRNT1*2» PRNT?*?« PRNT3*?. PRNT4*2, NSR=0 « 
«INPUT TSWM1G*0 * mrpt = 2, MORES? * 



A-n . CW8 KINIMUM PRINT-OUTPUT 

An example of the input data (cards) to the Electron Density-Temperature 

Code is given in Tkble A-XI, and an example of the printed output (from input 

in Table A-Xl) is given in Table A-XII for minimum printed output (except 

PENT 3=2) and in Table A-XIII for complete printed output. The first 3 

pages of Table A-XII show the printed record of the input dat*-. to be used 

by the Electron Density subroutine, the Electron Temperature subroutine and 

the Main Contro1 program. 

Under the NAMELIST-input GUESS in Table A-XII, the entries X,EPS,PRNT1, 

PRNT2 and NX have been discussed in section IIC.2. PRNT3 is the switch 

(l=No,2=Yes) for intermediate print output from the Main Control program and 

PRNTL serves the same function for the Electron Temperature subroutine 

(TELECT) . Bypassing "NQE" and "NSR” for the moment, the first ALFA(l,j)- 

array in Table A-XII is the Bates, Kingston and McWhirter cross sections^1 

discussed in section IID.2 and the second ALFA(l,j) - array is the normalized 

values according to Eq.(35). Now, NQE is the number of elastic scattering 

cross section values to be read from cards into the XE-,QE-arrays at the top 

of the second page of Ikble A-XII and NSR is the number of values of (frac¬ 

tional) ion source rate along the cavity radius to be read into the R2-, 

FRR2-arrays in Table A-XII. Notice from the last entry in the FRR2-array 

in Ikble A-XII, that the ion generation rate at the cavity cylindrical wall 

is 28.1/0 of the ion generation rate at the center of the cavity. From the 

NAMELIST INPUT for the Electron Density subroutine input in Table A-XII, the 

ion generation rate at the center of the cavity for this problem was 

S+(r=o)=S1NQ=3.77xl015cm_3sec_1. 

Table A-XII (page A-23) gives mainly the input to the Electron Tempera¬ 

ture subroutine . These items are defined in the "LIST OF SYMBOLS" at the 

beginning of the report and many are mentioned in the discussion in section 

A-III for the intermediate output in Table A-XIII. 

Table A-XII (page A-2¿*-) shows the input and (minimum) output from the 

Electron Density subroutine (NONLIN) for two calls; the first with C(22) 

from Eq.(3L) and the second with C(22) from Eq.(35). The output array X(l) 

of the number densities (cm-5) of the various plasma species have been 

shifted to the right of the page and these are identified in Tibie A-XII 

(page A-27) for the final values. The (minimum) output from the first call 
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to the Electron Temperature subroutine (TELECT) is shown at the top of 

Table A-XH (page A-25). This first pass required ( 10-5 =5) iterations to 

converge within 57o (C0NV1=0.05) on an electron swarm temperature (TEWSRM 

— 921°C) compatible with the input value of the electron density 

ne^ 6.6x10 cm"3). The returned value of the electron swarm temperature 

(TESWBM) did not meet the convergence criterion (PRCNTC=0.05) for agreement 

with the input value TELI, that is PRCNTE O.3I18 was not less than PRONTO, 

so another call was made to NONLIN with TELI 921°C. 

These alternate calls to NONLIN and TELECT subroutines continued until 

after the third call to TELECT, PRCNTE -0.02 < O.O5. The output from 

iteration 2 has been deleted but the output from the last (3) iter¬ 

ation on TELECT is presented in Table A-XII (page A-26). 

A final call tos then made to NONLIN to obtain the plasma densities 

for the converged value of the electron swarm temperature (804-.5°C). This 

output is given in Table A-XII (page A-27) and the final solution of (n ,T ) 

for the center of the microwave cavity was (8o4.5°C, 9.gOxlO^cm’3). 

This process was repeated for each of the NSR=11 points along the mid¬ 

height radius of the microwave cavity (along which only the source S was 

changing). The output from these intermediate points has been deleted 

except for the last rad’al point (at the outside wall) which is shown in 

Table A-XII (pages A-28 to A-30). This code was programmed to use the 

converged values from the last problem as the first-guess values to the 

next problem with the switch M0RE=1. The succeeding problems along the 

radius, therefore, converged much faster than the first problem. 

Finally, the print out of a summary of the pertinent output data 

from each problem (along the radius) is shown in Table A-XII (page A-31).* 

Part of this data is also punched on cards for input to the next code for 

the Resonance Frequency Shift of the cavity. The data from these cards 

are printed out in Table B-3. 

*The values vary step-wise along r since the convergence criterion on T 
was modest (PRCNTC=0 .05). e 
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A-m . CW8 MAXIMUM PRINT-OUTPUT; TELECT PRINT-OUT 

An example of the Intermediaos print-out from this code is shown in 

Table A-XIII in Appendix A. Normally the intermediate output is not requested 

if only the final converged values of T and n are desired . With the inter- 

mediate print switches (PRNH to PENTl*- off (=l), the converged value of T0 

would be printed out in the Main Program as TESWRM under $MAM3 (see Table A-XII, 

page A-29) and the converged value for ng = X(l) in the final values of X(l) 

(see Table A-XII, page A-30). The Intermediate print options are generally 

used in the initial checkout of the program or for check out of a problem 

where convergence was not obtained or the results showed an obvious blow-up 

in the internal computations . Because of the many steps in the inner and 

outer iterations, very many printed pages are obtained when all of the inter¬ 

mediate print switches are turned on. In order to obtain an example of the 

full print-out, and particularly of the Electron Temperature subroutine print¬ 

out, with a minimum number of pages, the last point (NR2=ll) of the code run 

described above (see Table A-Xl) was repeated so that all of the converged 

values from the first solution would be passed internally to the first trial 

values for the second solution. This was accomplished by setting MRPT=2 and 

TSWM1G=0 (normally TSMM1G»TCAS). 

Comparison of febles A-XIII and A-XII, page A-30, show that the converged 

values from the first solution were passed to the input for the repeat solu¬ 

tion. The intermediate output from the Electron Density subroutins is shown 

in feble A-XIII,(page A-38). Values of the tabular functions during the 

various steps of the numerical integrations are shown in Tables A-XIII (pages 

A-39 to A-kl). The Tables are identified In the code print-out and a better 

understanding of the physical content can be obtained by reference to the 

program listing (feble A-l) or the flow diagram (Fig. A-2). 

For this example problem on Neon-Argon where V^(Ne+)=21.56 eV, the energy 

of the most energetic electrons produced by the fission fragments (0.30 V^(N+) 

in Eq.(3)) is 6.^7 eV, the last entry in the XAR-array in Table A-XIII,(page 

A-39). In Eq.(9) we are going to obtain the time for the electron to decay 

from the maximum value eV) to the energy^ and then we are going 

to vary from £max to €mini. We cannot follow the electron all the way down 

to the swarm energy (^min=^es) because according to Eq.(9) this would take 



an infinite amount of timo. However, we are not interested in the distribu¬ 

tion of energy loss of the electron while the electron spends long periods 

of time at energies only infinitesimally greater than £ . We will be satis- 

fled to account for »997° of the enerßy loss of the energetic electron and 

so we need follow the electron down only to where A£7£max—• 

In this problem AE=DELTE (input)=0.01 eV, so we do account for 99-87o of the 

energy loss of the electron. Now fes=ESM=0 .0862 eV so £^=04^=0.0962 eV* 

and this is the first entry in the XAR-array. 

For the 4l energy values (for the NSTEP1-40 energy increments) in this 

array, the corresponding values of Lea(£) for Eq.(5) are given in the 

XLEA-array, L (£) for Eq.(6) in the XLEE-array and l/(L (£)+L (£)) for 

the integrand of Eq.(9) in the GAR-array. The energy decay time of the elec¬ 

trons corresponding to the integral in Eq.(9) is given in the GE2 array versus 

the energetic electron energy in the XE2_array. The last entry in the GE2- 

array shows that it takes tt=1 .SlxlO’^sec for the electron to decay in energy 

from £ =6.47 eV to £ . =0.0962 eV. This "thermalization time", tm, is very 

much shorter than the average recombination) lifetime of a swarm electron, 

which is ne/S+s?2xlO" sec. 

The energetic electrons produced in Penning ionization are produced with 

energy vJnJ-V^A^O .92 eV (=£^=0410) and the time for an energetic elec¬ 

tron produced by a fission fragment (6.47 eV) to decay to this energy (0.92 

eV) is given by interpolation on the XEZ-and GEZ-arrays to obtain 1MID= 

1.60xl0”^sec. Actually, we are not interested in following an electron from 

t=0 to t='IMID but rather in following the Penning-electron from £^^ to £m:j_n 

or from t=MED to t(£min) . MD is the lower limit of integration for the 

second integral in Eq.(lO). 

In the program we now prepare for the first integral in Eq.(lO). The 

decay time is made the independent variable and moved to the XE2-array and 

energy is made the dependent variable and transferred to the GE2-array. The 

decay time t(£ (FF)) is then divided into NSTEP/2 equal increments and 
max 

stored in the XAR-array in $NAM2 in Table A-XIII (page A-4o) and the corre¬ 

sponding energy values are obtained from interpolation on the XE2 - and GE2- 

arrays and stored in the EEl-array in Table A-XIII (page A-4o). Before we 

*The fact that in our computations we have abandoned the.energetic electrons 
with an excess energy (A6-) appreciable with respect to £es is not important. 
As we shall see, their lifetime is very short compared to the electrons of 
the swarm and therefore their number few . 
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perform the first integral in Eq.(lO) we first perform (for a check, later) 

a similar integral for the energy transferred from the energetic electron 

to the neutral atoms (LEALOS). Values of the integrand, v (t')(f(t')-€ ) 
’ eav v ' es * 

corresponding to the XAE values of (£) are stored in the GAR-array in $NAM2 

in Ikble A-XIII (page A-4o). A numerical integration (via SIR) on the XAR-, 

GAR-arrays yields LEALOS=2.08 eV for the energy lost to the neutral atoms 

of the original 6 .V/ eV of the energetic electron. 

Values of the first integrand are computed next and stored in the GAR- 

array in ^NAM3 in Thble A-XIII (page A-40) . The numerical integration on 

the XAR-, GAR-arrays now yields a value of LEELOS=4.34 eV as the energy 

transferred from the energetic electron directly to the electron swarm. 

The sum of the energy transferred (LEELDS+LEALOS) should equal the loss of 

the electron energy (£^-6^) and it does within the error, EROR=0.043 eV. 

We see that of the 6.47-0.0962=6.3738 eV of energy lost by the ener¬ 

getic electron, our numerical integrations for the energy transfer to the 

neutral atoms and electron swarm have agreed to within 0.046/6.3738^1%. 

To obtain the second integral in Eq.(io) (LIMLOS), a second mumerical 

integration is performed on the values still in the XAR-, GAR-array where 

only the lower limit in the argument list of SIR is charged to ,IMID=1 .óOxlO-^ 

sec. This yields a value of LIMLOS=0.857 eV. The value of the total energy 
# 

source rate to the electron swarm is E__ in Eq.(io) and is given by S0URCE= 
ic o i Gfa 

4.90x10 ^ eV cm"3sec in Table A-XIII (page A-40) . 

We now prepare to compute the integrals in Eq.(l7) for the energy loss 

rate of the electron swarm (-ÍL ) . We take for an effective value of the 

upper limit (oc) of the integrals in Eq.(l7) the quantity EINF=YINFxESM 

where YINF=12 to give EmF=1.03 eV in Table A-XIII (page A-4l). The energy 

range (EINE-EGS) is divided into NSTEP2=40 increments and the 4l energy 

values stored in the XAR-array in $NAM4 in Table A-XIII (page A-4l). Values 

of the first integrand of Eq.(l7) corresponding to the energy values of the 

XAR-array are stored in the GAR-array in 0NAM4 in Table A-XIII (page A-4l \. 

A numerical Integration via SIR on the XAR-, GAR-arrays yield the value of 

LSNL0S=5 .02x10^^ eV cm ^sec ^ for the energy loss rate of the electron 

swarm to neutral atoms. 

Values of the second integrand in Eq.(l7) corresponding to energy values 

of the XAR-array are stored in the GAR-array in $NAM5 in Table A-XIII (page A-4i) 
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and a numerical integration on these arrays yields a value of LSIL0S= 

^•17x10 eV cm ^sec for the energy loss rate of the electron swarm to 

the ions . The total energy loss rate of the swarm corresponding to 

in Eq.(l7) is LSTL0S=LSNL0S+LSIL0S=5•07x10^^ eV cm"^sec"^. The difference 

between the energy gain and loss of the electron swarm (DIFF=IS0UECE-LSTL0S|) 

meets the input convergence criterion (C0NV1=0.05) on the first internal 

trial (as expected for this repeat run) since C0NV=|DIFf1/S0URCE=0 .033^C0NV1. 

The output in Table A-XIII, pages A-U2 and A-U3, from the Main Control 

program are similar to the output described in the previous section D-5 . 
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APPENDIX B 

RESONANT FREQUENCY-SHIFT CODE 

B-I. INTRODUCTION 

The flow diagram for this computer code is presented in Fig. B-l and a 

listing of the source program in Table B-I. Some of the data are read in 

via NAMELIST statements and some via FORMAT statements. Also NAMELIST state¬ 

ments are used for printed-output and the intermediate printed-output can be 

obtained with the print-switch PRNT1 (l=No, 2-Yes). The roots of the Bessel 

functions are read in via DATA-input at compile time. The FORTRAN-function 

statement for the axial distribution of ng is given in Table B-II. 

B-II. INPUT 

The listing of a set of input cards for this CW9 code is given in Table 

B-III for an example problem which is a continuation of the problem present-d 

in section HD. In fact, the input cards 6 through 12 listed in Table B-III 

are the punched-output cards from the CW8 code. The first two "title cards 

are read in via "A-conversion" and the ^INPUT-data via a NAMELIST statement. 

B-III. CORE SIZE OF PROGRAM AND RUNNING TIME 

This program occupies about 13,000 cells of core storage. The example 

problem (2 solutions) required about 1 minute’s execution time on the IBÍ 

7094 computer . 

B-IV. MINIMUM OUTPUT FOR AN EXAMPLE PROBLEM 

The printed output from the example problem is displayed in Tables B-IV 

and B-V. In order to demonstrate the generality of the code, the example 

problem called for two solutions for the input electron density distribu¬ 

tion: the first for the mode with minimum print-output (Table B-IV) and 

the second for the TM211 mode with complete print-output (Table B-V) . 

B-l 



Ite first printed-output In Table B-IV are the roots or the Bessel 

function, Xim, as defined for the TE-modes In E4.(5l) and prlntcd tn the 

first column, and for the Dl-modes m Eq.(52) and printed In the second 

volume, ae KAMELJST-^INPUT data In îhble B^page B-lo) Include the cavlt, 

imenslons, the mode definition,, the atomic masses of gas atoms, the number 

o increments for the numerical integrations, the number of points along the 

radius (MSB) for »hlch information on the input cards are to be read or "the 

number of points along the radius (ilFR) for which normalised values of the 

electron density are to be read . EPSB is an error input variable to the 

BESSa aub tlne and PRUT! is the switch for the intermediate print-output 

(l=No,2,Yes). NSMORE and MORE are switches for control of repetitive rums 

using NAMELIST-input (see Fig. B-l). The last record of input is the infer- 

mation on the input cards which were obtained fron the CW8 code . 

The first output of the code, with PRNTUl for minimum print-output, ar, 

the terms under NAMELIST-^NAMl defined in Eqs.(59)(60) and (6l). The first 

term (fo) under WAM2 is the vacuum resonant frequency for the cavity accorc 

ing to Eq .(50) and for this ÏM mode is f -P'3 orwi n9 
0¿0 e 13 10-23*2°xlO cps or 23.20 GHz. 

KF is the leading constant in Eq.(l,7), COEfRQ^ and CCOLF is the factor 

^ 1+1,6 ' ln ^•('‘T) “tl"h is very nearly equal to unity. The warning 

statement of "extrapolation for arguments" came from the subroutine FUNCT 

(Table A-IV) because a value was requested at r=0 whereas the first r-entry 

in Table B-IV (page B-13) is at rel.OxlO^cm (due to QOO code limitations ' 

or S (r) near r=0). Values of the integrals in the numerator and denom¬ 

inator of Eq .(62) are printed out under ¡¿NAMI3 as well as GO?) which for this 

problem lowers the "average density" about 16% below the center of cavity 

J!11"6' n°’ rrhe predicted shlft in resonant frequency is 1.1+5 GHz or about 
6/0 of fo. FRQ is the frequency after the shift due to the plasma, i .e . 

NIMID is the input electron density at the center of the cavity n 
and NEAVE=<ne>Theo from Eq.(80). ' ^ 

B-V. INTERMEDIATE OUTPUT FOR AN FXAMPJi; PROBLEM 

The output in liable B-II is a solution for another mode, ™ , on the 

same electron density distribution. This was accomplished without reading 

~a f0”11316*6 set of nev input cards (see Table B-HT)bv settinir mdrf i 
^ee definition of symbols — --^---— setting M0RE=1 in 



the first problem and NSM0RE=1 in this last problem and adding only one 

TTTLE-card and one NAMELIST-INRJT card. On this last input card PRNT1=2 

in order to display the intermediate output. 

The printed-output through $NAM2 on the second page of Thble B-V is 

similar to that described for Table B-IV above. The intermediate output 

under ¡¡ÍNAM3 through 0NAM12 are the values of the XAR-array, the GAR-array 

and the final value for the numerical integration for each integration per¬ 

formed . The particular integration can be identified by the FORTRAN name 

for the integral and the equations in section IIIA.2. Because we selected 

a uniform distribution of electron density in the axial direction (see 

Table B-Il) all of the numerical integrations over z resulted in a value O.35 

+ 3 X 10"^ which is very close to the correct value of ^=0.35. 

The output under $NAM13 is Table B-V (page B-l$ is similar to that 

described for Table B-IV above. The vacuum resonance frequency (fQ=24.97 GHz) 

for this moâe is higher than that for the TM^q mode (fo=23.20 GHz) and 

the predicted frequency for this mode FRQ=26.l4 GHz would have been off-scale 

on our microwave sweep generator . Because of the different electric field 

distribution the predicted electron density averaged over the electric field 

(NEAVE=0.729^101^^-^) is appreciably lower than that predicted for the M020 

mode (0.837x1O^^cm”^). 
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TABUS B»»I. Resonant Frequency-Shift Code (CW9) 

Listing of Program 

* IBFTC MNP3CW9 FUL ! ST »REF «DFCK «M94 »XR7»DD 
C 
C 
c#*** THIS IS THE MAIN PROGRAM FOR THE MICROWAVE FREQUENCY SHIFT CODE 

C**## JOB NO IS CW9 
C 
r**** FLFCTPON DENSITY DISTRIBUTION ALONG RADIUS can BF OBTAINED 
C**** FROM OUTPUT CARDS FROM ELECTRON TEMPERATURE CODE CW8 

C 
C#*** D = THICKNESS OF CAVITY«CM 
C**** RH02 = RADIUS OF CAVITY.CM 

C 
C»#** 
c**** 
c**#* 
c**#* 
C#*** 

SELECTION OF CAVITY 
NTJ«I FOR TJ = TE 

LB = L FOR L * 
MB = M FOR M = 
NB ■ N FOR N = 

MODE TJ(LB.MB.NR) * 
MODES NTJ= ? FOR TJ=TM MODES 

0 THRU 4 
0 THRU 3 
0 THRU 3 

C 
C**** 
C**** 
C**** 
c*#** 

♦ SEE TECHNIQUE OF MICROWAVE MEASUREMENTS-2 * P-297 « MCGRAw**H ILL . 1 947 
L* NO. OF FULL-PERIOD VARIATIONS OF E-R WITH RESPECT TO O 
M« NO. OF HALF-PERIOD VARIATIONS OF F-0 WITH RESPECT TO R 
N* NO. OF HALF-PERIOD VARIATIONS OF F-R WITH RESPECT TO 2 

DIMENSION T ITLE(12) * SUBTIT(12) » XSR < l)«XCFNO< U.XCFAK 1) 
DIMENSION R2(51)«XNR(B1)«XTRIBl),TEROOT(B.4).TMR00T(5.4) 
DIMENSION XAR< 101 ) «GARUO! ) 
DIMENSION LA (7).XR2FR(5l) t XNRFR(B1 ) 
COMMON/COM1/XAR.GAR 
C0MM0N/C0M2/LA ,XR2FR,XNRFR 
COMMON/C0M3/D «RH02 «D IFERN 
INTEGER PRNT1 
REAL K.K1«K3.KB.KC.KF.KP«ME.MASN0.MASA0,NEMID.NEAVE 
NAMELIST/INPUT/D.RH02,NTJ.LB «MB .NB , MA.SNO, MAS AO ,NSTPZ »NSTPR «NSR « 

1NFR.EPSB *PRNT1.NSMORE « DIFFRN♦MORE 
NAMELIST/NAM1/K1«K3«K 
NAMELIST/NAM2/F0 «KF » COLERO t CCOLF 

NAMELIST/NAM3/XAR « GAR « VZS 
NAMELIST/NAM4/GAR .XZS 
NAMELIST/NAM5/XAR« GAP«VZC 
NAMELIST/NAM6/GAR.XZC 
NAMELIST/NAM7/XAP. GAR * VR3 
NAMELIST/NAM8/GAR « VR1 
NAMELIST/NAM9/GAR « XR1 

NAMELI ST/NAMIO/GAR.XR3 
NAMELI ST/NAM 11/GAR«VR2 
NAMELI ST/NAM 12/GAR ,XR2 
NAMELI ST/NAM 13/XNUM « XDEN•GFR,DFLFRO« FO « FRO.NEM ID.NEAVE 
NAMELIST/NAM20/NERR 
EXTERNAL DUMMY 
ASSIGN 80 TO LABEL 
IF (.FALSE.) GO TO 80 

5 READ(5.11) TITLE 
6 WRITE(6.IPlTITLE 
7 WRITE(6«8) 
8 FORMAT (1 HO.25HROOTS OF BESSEL FUNCTIONS/ 

1 4X.50H X(L »M)»MTH ROOT OF D/DX(JL(X))*0 FOR TE MODES/ 
2 4X«50H X(L«M)*MTH ROOT OF JL(X) *0 FOR TM MODES/ 
3 5X«54HX(L.M)»S STORED IN TEROOT(L+1.M+1 > AND TMROOT(L+1 «M+1) ) 



DAT A ((TEROOT( ItJ> «J>1 « 4)U«J tS>/0.0 »3.83P.7#016* 1 O.I 74 » 0.0•1.841t 

2^9(. 282? î P.682^6.706 « 9*9T0.0.0.4,201.8.015( 1 1.346 » 0.0 « 5.31 R 

DATA! (TMROOT( I .J).J«l»4» « 1*1.5)/0.0.2.405.5.520. 8.654.0.0.3.832. 
17.016.10.174.0.0.5.136.8.417.11.620.0.0,6.380.9.761.13.015.0.0. 
27.588«! 1.065.14.373/ 

9 WR 1TE < 6.10 > ((TEROOT( I .J)♦TMROOT( I .J >. J*1,4). ! * 1 ,5 > 
10 FORMAT (1 HO »2E20.0) 
11 FORMAT ( 12A6) 
12 FORMAT (1H1» 20X♦12A6) 
13 READ(5.1 1) SUBTIT 
15 WRITEÍ6,16)TITLE.SORTIT 
16 FORMAT!1H1«20X.12A6/21X«12A6) 
17 READ (5.INPUT) 
18 WR ITE(6. INPUT) 
19 GO TO(26.20).NSMORE 

20 READ (5.21) NSR»XSR( 1) »XCFNO( 1).XCFAI (1 ).(R2(N).XNR(N).XTR(N).N*1 , 
1NSR ) 

21 FORMAT (13/(6E12.5) ) 
22 DO 25 NM.NSR 
23 XR2FR(N)=R2(N)/R2(NSR) 
24 XNRFR(N)sXNR(N)/XNR(1) 
25 CONTINUE 
26 IF < NFR) 32.32.27 
27 READ(6.28) (XR2FRC N >.XNRFR(N),N»1.NFR) 
28 FORMAT(6E12.5) 
32 WRITE(6.33) XSR(1).XCFNO(1) «XCFAI (1) 
33 FORMAT ( ! HO•40HCENTER OF CAVITY VALUES— (SOURCE/NO) = .E20.8/ 

1 «3X.38HELECTR0N-NEUTRAL COLLISION FREQUENCY =«E20.8/ 
2 .3X.38HELECTR0N-I0N COLLISION FREQUENCY =«F20.8> 

34 WRITE<6.35) NSR 
35 FORMAT ( 1 HO . I 3 « 71H INPUT VALUES(NSR) FOR RADIUS(R2). EL-DENS ITY(XNR 

1) « EL-TEMPERATURE (XTR)) 
36 WR ITE(6 » 37) (R2(N).XNR(N).XTR(N)«N»1.NSR) 
37 FORMAT (1HO .3E20.8) 

C**** CONTROL ARRAY FOR TABX 
44 LA (1)*NSR 
45 LA(2)*1 
46 LA (3 > ®1 
47 LA (4) s 1 
48 LA(5)=1 

• 49 LA (7)*2 
70 GO TO 100 
80 WR I TE(6.NAM20) 
85 GO TO 800 

100 P I»3.14159E0 
101 Q*1.6021OE—19 
102 ME=9.1084E—31 
103 KP*8.8540E—12 
104 KB=1.3804E-23 
105 KC*2.99793E8 
120 XL=LB 
121 XM-MB 
122 XN*NB 
130 L1*LB+1 
131 M1*MB+1 
132 N1»NB+1 
134 R2MIN*R2(1 ) 
136 R2MAX*R2(NSR) 
140 GO TO (150.159),NTJ 
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150 XLM=rTER00T<Ll .Ml) 
151 GO TO 160 
159 XLM«TMROOT<L1 tMl ) 
160 K 1»XLM/RH02 
162 K3aXN#PI/D 
164 K * SORT( K 1#*2+K3**2) 
165 WRITE(6»NAM1) 
166 FO«KC*U0E2*K/(2.O*PI ) 
168 KF»((((Q/ME>*Q>/KP)/<8.0*PI*PI1>*1.0E6 
170 COLFRQ=XCFNO<1)+XCFAI{1>*MASAO/MASNO 
172 CCOLF»UO/( 1.0+COLFRQ*COL.FRO/(2.*P1*FO)##2) 
173 WR ITE(6 «NAM2) 
180 XLK1=(XL/K1)**2 
182 XK1K*(K1/K>**2 
184 XK3K=(K3/K)**2 
186 DEL7*D/FL0AT(NSTPZ1 
187 NZ1*NSTPZ+1 
190 IF (K3) 192»192*204 
192 VZSï-0.0 
194 XZS=0.0 
196 GO TO 250 
204 Z=0.0 
210 DO 219 NZ*1«NZ1 
212 GAR(NZ>=<SIN(K3*Z>1**7 
214 XAR(NZ)=Z 
216 Z=Z+DELZ 
219 CONTINUE 
220 VZS=SIR(DUMMY*0.0«D*N5TPZ> 
221 GO TO (223«222)»PRNT1 
222 WR ITE(6 * NAM3) 
223 Z=0*0 
224 DO 229 NZ=1»NZ1 
226 GAR (NZ)=GAR(NZ)#F7(Z) 
228 Z=Z+DELZ 
229 CONTINUE 
230 XZS=SIR(DUMMY»0.0»D*N8TPZ) 
231 GO TO (250.232)tPRNTl 
232 WRITE(6.NAM4) 
250 Z=0.0 
252 DO 259 NZ=1»NZ1 
•254 GAR (NZ) = ( COS (K3*Z) )**2 
255 xar;nz)=z 
256 Z=Z+DELZ 
259 CONTINUE 
260 VZC=SIR(DUMMY.O,O.D«NSTPZ) 
261 GO TO (270.262).PRNT1 
262 WRITE(6.NAM5) 
270 Z=0.0 
272 DO 279 NZ*1.NZ1 
274 GAR (NZ)*GAR < NZ > *F7(Z > 
275 Z=Z+DELZ 
279 CONTINUE 
280 XZC*SIR(DUMMY,O.O.D.NSTPZ) 
281 GO TO (300,282).PRNT1 
282 WR ITE(6,NAM6) 
300 DELR*RH02/FL0AT(NSTPR) 
302 NR1*NSTPR+1 
304 R=0•0 
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312 RltnR-W-Kl 
314 Y"BESSEL < RI«LB«1oEPSB*LABEL«NERR) 
315 G AR ( NR ) = ( ) *R 
316 XAR(NR1=R 
317 R=P+DELR 
319 CONTINUE 
320 VR3-SIR( DUMMY « 0•0♦RH02 «NSTPR) 
321 GO TO (323*322)«PRNTl 
322 WR I TE (6 » NAM7) 
322 R-0.0 
324 DO 327 NR«1«NR1 
325 GAR(NR)=GAR(NR)/(R*R) 
326 R=R+DELR 
327 CONTINUE 
328 VR1=SIR( DUMMY *0.0« RHO? « NSTPR) 
330 GO TO (332*331).PRNT1 
331 WR I TE(6«NAM8) 
332 R = 0•0 
333 DO 337 NR=1*NR1 
334 FR2=R/RH02 
335 GAR(NR>=GAR(NR)-«-FUNCT(FR2) 
336 R=R+ÜELR 
337 CONTINUE 
340 XR1=SIR( DUMMY *0.0* RHO? * NSTPR > 
341 GO TO (343*342)«PRNT1 
342 WR I TE(6 » NAM9) 
343 R = 0•0 
344 DO 347 NR=1*NR1 
345 GAR(NR)=GAR(NR)*R*R 
346 R=R+DELR 
347 CONTINUE 
350 XR3 = SI R( DUMMY «0.0» RHO? * NSTPR) 
351 GO TO 4' 353 » 352 ) * PRNT 1 
352 WR I TE(6 «NAM 10) 
353 R=0.0 
354 DO 369 NR=1*NR1 
356 R!=R*K1 
358 YB 1=BESSEL(R1«LBt1*EPSB«LABEL«NERR) 
360 YB2=BESSEL(R1«LB+1» 1«EPSB«LABEL«NERR) 
362 Y=(FLOAT(LB)/RI)*YB1-YB2 
364 GAR(NR)=(Y**2)*R 
368 R=R+DELR 
369 CONTINUE 
371 VR2 = SI R < DUMMY «0.0« RH02 « NSTPR) 
374 GO TO (377*376)«PRNT1 
376 WR I TE(6«NAM 11) 
377 R=0.0 
378 DO 385 NR*1«NR1 
379 FR2=R/RH02 
380 GAR(NR)=GAP(NR)*FUNCT(FR?) 
382 R=R+DELR 
385 CONTINUE 
390 XR2=SIR(DUMMY«0.0«RH02«NSTPR) 
391 GO TO (400« 392)» PRNT1 
392 WR I TE(6 « NAM 12) 
400 GO TO (500*600)«NTJ 
500 XNUM=PI*XZS*(XLK1*XR1+XR2> 
505 XDEN=PI*VZS*(XLK1*VR1+VR2) 
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510 GFR=XNUM/XDEN 
515 GO TO 700 

600 XNUM=PmXZS#<XR2+XLI<l#XK3K#XRl KXZCttXKlK®XR3 > 
605 XDEN=PHH VZS*<VR2+XU<1»XK3K®VR1)+VZC®XK1K®VR3» 
610 GFR=XNUM/XDEN 
700 DELFRQœ(KF»CCOLF®XNR(1)/FO)®GFR 
705 FRQ=FO+DELFRQ 
706 NEMIDnXNRd) 
707 NEAVE>»XNR< 1 )®GFR®CCOLF 
710 WRITE(6 « NAM 13) 
800 GO TO(810¢5)»MORE 
810 READ(5*811)SUBIIT 
811 FORMAT (12A6) 
812 WR ITE(6 » 16) T ITLE « SUBTIT 
813 GO TO 17 

END 

TABLE B-H . Function statement for axial distribution of ne. 

S1BFTC FZZ4CW9 FUL I ST * REF « DEC« «M94 « XR7*DD 
FUNCTION FZ(ARG) 

COMMON/COM3/D »RH02 »DIFFRN 
PI=3.14159 
D2=D/2. 
FZ=(COS<(PI/2«)*((ARG/D2) — 1#) 1)®®DIFFRN 
RETURN 
END 

TABLE B-m. (CÃ 1¾¾¾¾¾¾ C0de ■ 
See Table A-XIT (page A-31).)_ 

SDATA 

RUN 109.7. 1 « 109.7.2 RES« FREQ. SHIFT M-WAVE CAV~14' (NE-AR) RUN 64 
RUN 109.7.1 P=1000,KW S=1.300E”3 TGASa405 OK TM(0»2»0) MODE 
$INPUT D=0.7. RH02=1.13525« NTJ=2» LB»0« MB «2« NB =0« 

MASN0 = 3.371E—26 « MASA0 = 6.671E-26♦ NSTPZ*10» NSTPRbIOí NSR=11 « NFR=0 « 
EPSB=0.001« PRNT1=1«NSMOREb2«DIFFRN=0.O00E-00» M0RE«1 S 

1 1 
O.13000E-02 
0.11450E 00 
0.34150E 00 
0.56850E 00 
0.79550E 00 

0.72266E 10 
0.9903 IE 12 
0.97247E 12 
0.88222E 12 
0.74909E 12 
0.54928E 12 

P=1OOO.KW 

0.20063E 09 
0.80445E 03 
0.B0445E 03 
0.77331E 03 
0.74499E 03 
0.70735E 03 

S=1.300E-3 
LB = 2 « MB= 1 « 

0.10225E 01 

RUN 109.7.2 
SINPUT NSMOREb1«NTJ=1« 

0.10000E-02 0 
0.22800E 00 0 
0.45500E 00 0 
0.68200E 00 0 
0.90900E 00 0 
0.11360E 01 0 

TGAS«405 OK 
NB=1 « _ PRNT 

•98951E 12 
.98398E 12 
•95419E 12 
.83960E 12 
.64627E 12 
•43552E 12 

TE ( 2 » 1 ♦ 1 > 
1=2« M0RE=2 

0.80445E 
0.80445E 
0.80445E 
0.7733 IE 
0.72000E 
0.66658E 
MODE 
$ 

03 
03 
03 
03 
03 
03 
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